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THE GENERALIZED KORTEWEG-DE VRIES 
EQUATION ON THE HALF LINE 

J. E. COLLIANDER ^ AND C. E. KENIG ^ 

Abstract. The initial-boundary value problem for the generalized 
Korteweg-de Vries equation on a half-line is studied by adapting the 
initial value techniques developed by Kenig, Ponce and Vega and 
Bourgain to the initial-boundary setting. The approach consists 
I of replacing the initial-boundary problem by a forced initial value 

^Sj ' problem. The forcing is selected to satisfy the boundary condition 

by inverting a Riemann-Liouville fractional integral. 

§1 Introduction 

This paper introduces a method to solve initial-boundary value problems for non- 
linear dispersive partial differential equations by recasting these problems as initial 
value problems with an appropriate forcing term. This reformulation transports the 
robust theory of initial value problems to the initial-boundary value setting. The 
procedure is applied here to solve the initial-boundary value problem for the gener- 
alized Korteweg-de Vries equation on the half-line. We expect that generalizations 
of the ideas described below will be useful in solving problems in higher dimensions, 
^ _ such as the nonlinear Schrodinger equation posed on a spatial domain under Dirichlet 

^ ■ boundary conditions. The methods introduced here may be viewed as a dispersive 

'nI" . generalization of the classical Calderon Projector method [6] used in elliptic and 

^ , parabolic problems. 

Consider the initial-boundary value problem for the generalized Korteweg-de Vries 
equation on the right half-line, 



< 



o 



'dtu + d^u + ^(9^m'=+i = 0, x>0,te[0, T] and A; e N 
1.1) {u{x,0) = (f){x), x>0 

«(0,t) = /(t), te[0,T] 



with (f) and / satisfying certain regularity hypotheses, and T > 0. This problem will 
^ ' be solved using a forced initial value problem for the generalized Korteweg-de Vries 

■ equation on the line, 



;i-2) 




d^u + = 6o{x)g{t), xeRandte [0, T] 



X G 



where Sq denotes the Dirac mass at x = and is a nice extension of 0. The boundary 
forcing function g is selected to ensure that 

(1.3) n(0,t) = /(t), tG[0,T], 
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where / is a nice extension of /. We will sometimes refer to (1.3) as a boundary 

condition, even though {x = 0} is not a boundary for the u problem (1.2). Upon 
constructing the solution u of (1.2), we obtain the solution u of (1.1) by restriction, 

as 



(1.4) u^u\ 



{x>0}x{t:t€[0,T]y 



The solution of (1.2) satisfying (1.3) is constructed using the initial value machinery in 
[5], [19] and [20] and the inversion of a Riemann-Liouville fractional integration oper- 
ator. First, an explicit solution of the linearization of (1.1), using the linearization of 
(1.2) satisfying (1.3), is constructed. This reveals the natural regularity relationships 
among 0, / and g. We verify that the space-time norms (used in [5] and [19]) of the 
linear solution u are bounded by related norms of 4> and /. Next, we consider (1.2) 
with the nonlinear term replaced by a given function h of space-time. The solution of 
the resulting inhomogeneous analogue of (1.2) satisfying (1.3) is explicitly constructed 
in terms of (p, f and h, and the natural inhomogeneous estimates from [5] and [19] 
are established. Finally, the nonlinear term is treated as an inhomogeneity and a 
multilinear estimate exploiting time localization and/or scaling proves the required 
contraction estimate. 

The hnearization of (1.2), obtained by removing the nonhnear term -^d^u'^'^^, is 
solved using Duhamel's formula, 

(1.5) u{x, t) = S{t)4>{x) + [ S{t- t')5o{x)g{t')dt', 

Jo 

where S is the linear solution operator given by 

(1.6) Simx) = J e^(^«+*«^)0(Ocie = / r'/'A(^^yix')dx', 

where A is the Airy function. We describe how to select the boundary forcing g in 
this context and reveal the natural regularity relationships among 0, / and g. The 
condition (1.3) determines the boundary forcing function if we can solve 



[1.7) f S{t - t')So{x)g{t')dt' = fit) - S{t)4>{x 

Jo {^=0} 



{x=0} 



for g. The right-hand side of (1.7) suggests that the regularity properties of / should 
be the same as those expressed by S{t)(p\^^^^y For G H'(R^) = {/ : |^|'/(0 ^ 
L^(M^) j, the change of variables argument used to prove the local smoothing property 
shows that S'(t)0L _ , G ij(*+^)/^(Ri). The convolution representation of S{t) allows 
the left-hand side of (1.7) to be reexpressed as 
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Since the Airy function A is continuous and A{0) ^ 0, we can evaluate at x — and 
rewrite (1.7) as 

where we have introduced the notation /i(t) = f{t) — S{t)4>\^^^Q^& HQ~^^^^^{Wt). 
Recalhng the theory in [24] (see also §3 below) of the Riemann-Liouville fractional 
integral 

(1.8) Uh){t) = -i- [\t sr-'h{s)ds, 

we reexpress (1.7) as 

"'/^^^^ " ^(0)r(2/3)-^'' 

This equation is solved for g by applying I_2/3. Moreover, the operator Iq, is smoothing 
of order —a, so the boundary forcing function g is seen to have 2/3 fewer derivatives 
in than fi. These remarks reveal that, for G H''^{M.x), it is natural to assume 
that / e if(''+^)/^(]Rt) and to look for g G i?('''^)/^(]Rt). Certain technical distinctions 
among the spaces i/°"(]R() and H'^{M.t) will be clarified below using time localization. 

We apply this basic idea - apply boundary forcing to ensure that the {x = 0} con- 
dition u{0, t) — f{t) holds with the forcing g selected by inverting a certain fractional 
integral - in the nonlinear setting using a contraction mapping argument to obtain 
the following results for the initial-boundary value problem (1.1). Let 1R+ denote the 
open right half- line {y : y > 0}. 

Theorem 1.1. Consider (1.1) in the cases /c e N and set si = 0, S2 = 1/4, S3 = 
1/12 and Sk = \ - I (for k > A). For any G H'^{R+) and f G H^^'+^y^iRf), 
there exists aT = T{(f),f) > and a solution u G C([0, T] (IR+)) of the initial- 
boundary value problem (l-l). When k < A, T — T(| |0| 1 1/| |j:^(3i.+i)/3). The map 
(0) f)^'^ taking the initial and boundary data to the solution is Lipschitz-continuous 
from H'''{R+) x H('^+^y^{Rt) to C{[0,T]; H"'{R+)) . 

The cases where k >2 are proved using the selected boundary forcing procedure 
outlined above in the function space framework introduced by Kenig, Ponce and Vega 
in [19] to treat the corresponding initial value problems. The proof in the case k = 1 
uses the forcing procedure and a contraction mapping argument in a modification of 
a function space introduced by Bougain in [5]. The need for the modified spaces is 
explained in Remark 5.2. An optimization of the approach in [5], carried out in [20], 
established local well-posedness of the initial value problem for the standard (i.e., 
k = 1) KdV equation in H^{R) for s > —3/4. An improvement in the k = 1 case of 
Theorem 1.1 to Si > —3/4 is likely to be true, but we have chosen not to carry it out 
in the present paper^. In particular, the selected forcing procedure extends the theory 

"^This improvement was completed by Justin Holmer while this paper was under review. 
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(1.9) 



of the initial value problem for the generalized KdV equations to the initial-boundary 
value setting. 

Our local (in time) results can be combined with integration by parts to yield 
global (in time) results. For instance, we have: 

Theorem 1.2. 

i. When k ^ 1, cf) e L'^{R+) and f e H'^/^^{R+), the results of Theorem 1.1 extend 
to any interval [0,7]. 

a. When A; = 2, e H^{n+), f e H^^/^^{R+) and 0(0) = /(O), we have well- 
posedness of (1.1) in x (in the sense of Theorem 1.1) on any interval 
[0, T], provided that ||/||l2(]r+) is sufficiently small. 

Hi. When k — 3, the result in (ii) holds for f e i7^/^(R+), provided that \ \f\\L'^{R+) 
is sufficiently small. 

iv. For k> A, the result in (ii) holds for f e H'^^/^'^(R.'^), provided that \ \f\\L'2(R+) 
and ||0||l2(k+) are sufficiently small. 

(See §7.) Note that 7/12 > 1/3; 11/12 > 2/3; and 5/4 > 2/3. This is because 
"conservation laws" are not "exact" in the quarter-plane setting. (Again, see §7 and 
[3].) 

The boundary forcing method is flexible. In particular, Theorem 1.1 applies to the 
initial-boundary value problem obtained by replacing by + cd^ for some c G M 
in (1.1). See Remarks 6.4 and 7.5. (Transport terms arise naturally in physical 
models.) The method also constructs solutions to the analogous initial value problem 
on the left half- line {a; < 0}. (Uniqueness in the linear problem in the left half-line 
is not established here, and indeed does not hold. See [11], [13]. Also, the global (in 
time) results of Theorem 1.2 do not apply to the left half-line.) We plan to apply this 
approach to the generalized KdV problem on a finite interval with Dirichlet boundary 
conditions in a future publication. Recent work of Colin and Ghidaglia on the problem 
on a finite interval has just appeared [8]. Initial-boundary value problems for other 
dispersive equations in one spatial dimension may also be studied using the method 
and the estimates obtained in [17]. We plan to extend these ideas to treat higher- 
dimensional initial-boundary value problems, such as NLS on a domain ^2 C with 
Dirichlet boundary conditions (see [12] and the references therein). We beheve that 
this paper is the first application of a general method for treating initial-boundary 
value problems for nonlinear dispersive PDEs. 

The initial-boundary value problem (1.1) (with a first-order transport term) phys- 
ically models the evolution of small- amplitude shallow water long waves propagating 
in a channel with forcing applied at the left end (see [15]). Bona and Winther (in 
[2] and [4]), employing energy methods, treated the right half-line problem (1.1) with 
a transport term in the case k = 1 with more regular initial and boundary data 
((0, /) G H'^CRx) X H^^^^/^^(Rf)). Polynomial generalizations of the standard KdV 
equation were studied by Bona and Luo in [3] under higher regularity assumptions 
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on the data. A recent preprint of Bona, Sun and Zhang ([1]) uses a Laplace trans- 
form technique in the framework of function spaces developed in [19] to treat the 
k = 1 version of the right half-line problem (1.1) with transport term for initial data 
(j) e H%R+) and boundary data / e H'^'+'^^/^{R+) provided s > 3/4. The half-line 
problem for KdV (and generahzations) has also been considered by Faminskii [9], 
[10], [11]. 

We outline the rest of the paper. The next two sections present background 
material required for the proof of Theorem 1.1. §2 develops the theory of L^-based 
Sobolev spaces on half-lines and intervals. §3 recalls the Riemann-Liouville fractional 
integral and establishes its mapping properties between L^-based Sobolev spaces. §4 
provides estimates in space-time mixed-norm spaces for the linear solution operator 
and the inhomogeneous and boundary forcing Duhamel terms. §5 establishes similar 
space-time estimates in Bourgain spaces. In §6, we construct and estimate solutions 
of homogeneous and inhomogeneous linear analogues of (1.2); §6 also contains a 
uniqueness result. The nonlinear problems are addressed in §7. 

§2 Sobolev Spaces on Half-Lines and Intervals 

This section develops the L^-based Sobolev spaces on half-lines and intervals required 
for our treatment of certain initial-boundary value problems in later sections. 

Definition 2.1. For s > 0, we write 

H^{R+) = {f = F\^^:FeH^{R)} 
and ||/||i?«(R+) = inf ||F||ii-.(]K). Similarly, for s > 0, 

H%R+) = {f = F\^^: F e H^R)} 
and ||/||^f.(K+) = inf For -oo < s < +oo, 

H^{R+) = {fe H^{R) : supp / C [0,oo)} 

and 

H^{R+) = {/ e H%R) : supp / C [0,oo)}. 

Recall that H^(R) is the set of distributions satisfying (1 -|- |^|)''/(0 ^ -^|) where 
/ denotes the Fourier transform in x. The space H^(R) is the homogeneous analogue 
consisting of distributions satisfying |^|^/(^) G L|. 

Remark 2.1. For /c = 0, 1, 2, . . . , define 

iy2,fe(M+) = {/ : D^/ e L2(M+) = H^{R+) for \a\ < k]. 

There is a bounded extension operator Ek : 1^^'^(M+) W'^'''(R). Hence i/*'(]R+) = 
H^^'^(M+). (In fact, the operator Ek can be defined independently of k, so that we 
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have a single operator E : VF^''^(]R+) W'^'''{M.) for each k.) Note that this imphes 

that I I/I |_H-fc(K+) ~ I I/I |vF2.fc(R+) for k = 0,1,2,.... Consequently, the spaces H'^iM'^) 
interpolate by the complex method [L^{m+),W^'''{R+)]g = H^''{R+) for < ^ < 1. 
By reiteration, similar results hold for i7^(R"'"), and we see that if*(R"'") is a complex 
interpolation scale for s > 0. (See, for instance, [16].) 

Remark 2.2. The space C^(M+) is dense in i^ol^"^) fo^ < s < +oo. 

Definition 2.2. For < a < +oo, is the space of linear functionals on 

C^(M+), with the norm 

||^||i/-(M+) =sup{|5(/)| : / e C^{R+) and ||/||^/a(M) < 1}. 
Let S{R+) = {f = F\^^: F e S(R)} and define, for s > 0, 

^{ge S'{R) : sup |^(/)| < +oo}, 

where the sup in the definition above is taken over / e C^(M"'") satisfying 1 1/| |^s(]k+) < 
1. 

Proposition 2.1. For a>0, ff-"(R+) is the dual space ofH^{R+), and Hq''{R+) 
is the dual space of H°'(R'^) . Also, iS(M+) is dense in if"(]R+) for — oo < a < +oo. 

Proof. The first assertion follows from Remark 2.2. Now suppose that / e -?/q""(M^) 
and define a linear functional on //"(M"*") by -u t— > /(mi), where Ui G i/"(M) satisfies 
Mi|]g+= u. Such a functional is well-defined because, if U2 is another extension of 
u, then ui — U2 & Hq{R~), so Ui — U2 is the limit in the if" norm of functions in 
C^(]R~) by Remark 2.2, and / kills such functions. Thus, wc have a natural mapping 
Hq'^(R'^) (iJ"(]R^)) . This map has an inverse given by restriction, as follows: 
If / G then we define / G Hq"{R+) by /(F) = fiF\^^). Clearly, 

/ G ifJ'"(R^); and / i-^ / is the inverse of the previous map. 

The fact that iS(M"'") is dense in if"(R+) for a > follows from the density 
of S{R) in if"(R). It is easy to see that Hq{R'^) is reflexive, since it is a closed 
subspace of H°'{R) for — oo < a < +oo. Hence H~°'{R'^) is reflexive for a > 0. 
If iS(]R"'") were not dense, by the Hahn-Banach theorem there would exist / 7^ 
in (iJ-"(M+))* = H^{R+) such that / f(l)dx = for aU G 5(M+), which is a 
contradiction. □ 

CoroIIctry 2.1. For a > 0, i7{^"(M+) is a complex interpolation scale. 

Proof. Remark 2.1 showed that H°'(R'^) is a complex interpolation scale, and Propo- 
sition 2.1 estabhshed that Hq°'{R'^) is the dual space of H"(R'^). The dual space of 
a complex interpolation scale is a complex interpolation scale. □ 

Proposition 2.2. For a > 0, Hq{R'^) is a complex interpolation scale. 

Proof. See Proposition 2.11 in [16]. □ 
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Note that, if F e i?"(R) for some a > 1/2, then F is uniformly continuous, and 
hence F(0) is well-defined. If / G i/"(M+) and /, then we set Tr(/) = F(0). 

For / e 5(M+), we have Tr(/) = /(O). 

Proposition 2.3. If a > 1/2, then Tr is a well-defined hounded linear operator from 
H'^{^+) to E. 

Proposition 2.4. 7/1/2 < a < 3/2, t/ien 

i7o"(K+) = {/ e : Tr(/) = 0}. 

Proof. Since C^(M+) is dense in H^{M+), it is clear that, if / G H^{^'^), then 
Tr(/) = 0. For the converse direction, we use two lemmas from [16]: 

Lemma 2.1. (3.7 from [16].) //1/2 <a< 3/2, then 

/ l/(^)-/(o)r-^<c^ll/llW)- 

Lemma 2.2. (3.8 from [16].) 1/1/2 <a< 3/2, then 



||X(0,+oo)/||if«(M) < C 



1/2 



We now complete the proof of the proposition by showing that, if / G 
satisfies Tr(/) = 0, then | |X(o,+oo)/| |i?«(M) ^ C!\ \f\\H'^{u.+)- This is a direct consequence 
of the lemmas above. □ 

Lemma 2.3. (3.5 from [16].) For < a < 1/2, 

||X(0,+oo)/|k«(R) < C'||/||h"{R)- 



Proposition 2.5. Let jj, G C°°(]R) he such that dl/i is hounded. Then, for f G 
i7^(M+), with -oo <a< +oo, 

||/^/||ffo«(R+) < C'||/||i7a(K+). 

Proof. We need only prove this for / G C^(M+). First, consider the case where 

< a < +00. By complex interpolation, it suffices to treat the case where a — k, 
where k is an integer, which follows by the Leibniz rule since, for / G C^(M"'"), 

1 I/I = I I/I lvi^2,fc(iR+). Note that, by taking / G ^(M'*'), we see that the same 
result applies to for a > since 1 1/| |i^fc(iR+) ~ 1 1/| |vk2.'=(]r+)- Therefore, to 
treat the case a < 0, we use duality and Proposition 2.1. □ 

Proposition 2.6. For < a < 3/2 and a ^ 1/2, we have that 

||/||ifo«(IR+) ~ ||/||h«( 

forf^H^ 
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Proof. By density of Co°°(M+) in H^{R+), it is enough to do this for / e C^(R+). 
Then we clearly have 1 1/| |_f/«{R+) < I I/I |ff^(R+)- the other inequality, assume first 
that < a < 1/2. Let F e H'^{R) satisfy F\^^^ f and \\F\\h^(m) < 2| |/| |i/a(M+). 
Then, by Lemma 2.3, 

||/||if«(]R) = \\X{0,+Oo)F\\h^(]R) < C||F||iJa(K) < 2C||/||ii-a(]R+). 

For 1/2 < a < 3/2, a similar proof works by noting that the inequality 

||X(0,+oo)-^||//"(R) < C'||-^||_f/"(R) 

holds for all F e H'^{R) satisfying F(0) = 0. □ 
Proposition 2.7. For < a < 1/2 and f e Hq"'{R+), we have 

ll/ll//-"{R+) ~ l|/||//-"(R+)- 

Proof. Let h e C^(M"'") satisfy | |/i| |ija(]R) < 1. Consider now that 

\fih)\ < ll/IU— (R)||/i||H"(R) < ||/|U-«(R) = ll/ll//-"(K+)- 

Thus, ||/||h-"(k) < II/IIh-«(r+)- We need to show that ||/||^--(b;+) < C\\f\\H-'-(R+)- 
Again, it suffices to assume that / G C^(M+). Let now g G C^(M) satisfy | Ififl |j^a(K) < 
1. Then 

ll/ll//-"(R+) = I I/I |/f-«{R) = sup 1/(^)1 = sup |/(x(0,+oo)^)|- 

g g 

Now, ||x(o,+oo)5'||h"(r) < C'||fi'lk"(R) < 1, and so X(o,+oo)5' e H^i'^'^) satisfies \ \g\\H^{R) 
< C. By Proposition 2.1, 

sup 1/(^)1 < ||/||i/-a(M+)||X(0,+oo)^||H«(R), 

g 

and the proposition follows. □ 

Proposition 2.8. Suppose that f G i?Q (M"*") for some —1/2 < a < 1/2 and that 
supp/ C [0, 1]. Then 

\\f\\H^(R+) ~ ll/lk,^{R+)- 

Proof. It is enough to show the result for / G C^((0, 1)). Note that, for a > 0, 
ll/llij«(R) < Il/Il//"(R), and, for a < 0, ||/|U-(r) < ||/||ija(M)- Suppose that < a < 
1/2. We need to show that ||/||//<:'(r) < C'l |/| |_H-a(M)- Since 

\\f\\H»{R) ^ ||/|U2(R) + ||^"/||l2(R) = ||/||l2(R) + \ \f\\Hc(R), 

we only need to show that ||/||l2(r) < C'l |-D"/| |i,2(r). We know, however, that / = 
XaD" f , where is the standard fractional integral operator; so, by the fractional 
integration theorem, 

||/IUr)<C|P'^/|U.(«), - = \-a. 

q z 
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Since / has compact support, Holder's inequality gives the desired bound. Next, we 
wish to show that ^ 

||/||ij-a(M) < C||/||jJ-a(K), 0<a<-. 

Choose fj, e C^(M) satisfying supp// C (—2, 2) and // = 1 on [0, 1], so that g — — 
f. We will show that |/(r)| < C||/||jj-a(]R) for |t| < 1. In fact. 



l/(r)l = l/i*/(r)l = |/M 



for |t| < 1, since fi e 5(M). 



I 



jl{T-rj){l + \ri\y 



fiv) 



:i + |r7|)« 



dry 



<C\\f\\H- 



□ 



Remark 2.3. The conclusion of Proposition 2.8 also holds for < a < 1. We need 
to show that, for / e H^{{Q, 1)), < C||D°/||i2 for 1/2 < a < 1. The result 

clearly holds for q = 1. For 1/2 < o; < 1, note that \f{x) — f{y)\ < C\x — 
where C < CUD"/] 1^2. In fact, if 



u{x, t) 



is the harmonic extension of /, then \ ^{x,t)\ < 



by a simple use of Cauchy- 



Schwarz, and hence the result follows from the proof of Proposition 7, Chapter V in 
[23]. (For a = 1/2, we can instead obtain a BMO estimate for /.) Taking y = 0, we 

see that < C||Z^"/||l2, as desired. 

Remark 2.4- With / as in Proposition 2.8 and — 1/2 < a < 1 with a ^ 1/2, we have 
1 1/1 lii'''(R+) — I|/||h«(r+)- This is because of Propositions 2.6, 2.7 and 2.8 and Remark 
2.3. ° 



§3 The Riemann-Liouville Fractional Integral 

Our method for constructing solutions of certain initial-boundary value problems 
below exploits properties of a fractional integration operator whose properties are 
described in this section. 

Definition 3.1. For /i e C^(R+) and > 0, let 

uhm^-^ [\t-sr-'h{s)ds. 

r(a)io 

The operator I„ is the Riemann-Liouville fractional integration operator (of order 
a). It is shown in [24] that Ia{h){t) extends to an analytic function of a G C with 
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the following properties: 

Ii{h){t) = [ h{s)ds, 
Jo 

Io{h) = h 

and 

The rest of this section establishes mapping properties of the family {la} on the 
H^{R+) spaces. 

Proposition 3.1. The estimate 

\\h'r{h)\\LHR+) < C\\h\\L2(R+) 
holds for all h e C^(K+) and 7 e M. 

We postpone the proof of Proposition 3.1 until later in this section. 
Corollary 3.1. For < < 1, we have that 

\\^-a{h)\\LHR+)<C\\h\\Hgi 

Proof. Take h G Co^(M+). Since = f , 



and, since lo(^) = h, the result follows from complex interpolation using Propositions 
2.2 and 3.1. □ 

Proposition 3.2. For < r < a and < a < 1, we have 



Proof. We will prove the inequality by complex interpolation. Note that r— a < < r, 
so both sides are complex interpolation scales. Thus, it suffices to prove this when 
— r and when 5Ra; = 1. When = r, this is Corollary 3.1. When = 1, write 
a = 1 — with 7 e M, so that I-a{h) — h-yi^)- We need to prove the following 
facts: 

Fact 3.1. For < r < 1, I : i/5(M+) ^ Hl-^{M+). 

Fact 3.2. For |a| < 1 and 7 G M, 1^^ : i/o"(R^) ^ ^o"(^^)- 
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If Facts 3.1 and 3.2 hold, then the proof is finished. First we prove Fact 3.1. If 
r = 1, then the fact is clear. Next, we need to check the case r = 0. Note that 
r — 1 < < r, so both sides are complex interpolation scales. We need to show 
that, a h e L^(R+), then ^ e Hq^{R+). By density, it suffices to consider the case 
h e C^(]R+). Then, however, supp ^ C (0, +cxd), so we only need to verify that 
IISIIif-i(K) - C"! 1^1^2(18), which is obvious. 

We turn our attention to proving Fact 3.2. For = 0, this is Proposition 3.1. 
For JJq; = 1, wc must verify that : Hq(K'^) —>■ Hq(K'^). It suffices to consider the 
case heC^{R+). We have that 



|In(/i)||Hi(R+) ~ ||Ii7(/i)||l,2(K+) + 



dt 



L2 



||In(^)IU2(R+) + 



dh 



L2(]R+) 



< ||/i||L2(E4 



dh 



dt 



L2(]R+) 



Therefore, Ii^{h) e H\R+). To show that Ii^{h) e i/o^(M+), in hght of Proposition 
2.4, all we need to show is that lj^(/i)(0) = 0. 
Let M'^{h){t) = t-n^{h){t). Then 

M"(/i)(i) = r"-i- j\t - sr-'h{s)ds = -i- [\l - sr-'h{st)ds. 
We break the last expression into two pieces by writing 



M'^{h){t) 



1 



Via] 



1/2 . 

(1 - sY-^h{st)ds + 



V{a) 



1- sy-^h{st)ds + 



1/2 



The first piece is bounded and the second piece may be rewritten as 



r(a + l)ii/2 
In this form, it is clear that 



^ d 1 

{l-s)''^h{st)ds + 



ds 



r(Q; + l) V2 



hi -t 



lim lim i"M"(/i)m = 



and so li-y{h){0) = 0. Thus 1^^ : H^{R-^) H^{R'^) and Fact 3.2 holds for 0<^a< 
1. 

We next need to check that 1^^ : i/o~^(^^) ^ ^o~^(^^)- Since Hq^{R+) is dual to 
H^{R+), we need only verify that, for / e H\R+) and h e Hq\R+), 

is bounded -i.e., we need to show that, for / e H\R+), r{i-f)-^ f{t){t-sy^-^dt e 
H\R+). 
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The norm is comparable to the sum of the L^(R''") norm and the 

norm. Proposition 3.1 will imply that the LP" contribution is appropriately bounded. 
The following integration by parts argument essentially reduces our consideration of 
the remaining contribution to Proposition 3.1 as well. Replace ^7 by an a e C with 
3?q; > 0. The object under examination satisfies 



r(a) 



Integrating by parts, wc find that this equals —{oiT[a)) ^ f'{t)(t — s)'^dt. The 
boundary term vanishes since > 0. Therefore, we observe that 



d 



dt\r{a) 



fm - sr-'dtj = Y^j^ rmt - sr-'dt, 



where we have again used the fact that > 0. Taking the norm of both sides, 
we obtain what we want, provided that 



/oo 
gmt-sr-' 



dt 



<C\\g\\Li. 

Li 



Note that, by a Fourier transform computation (see 6.12 of Chapter 11 in [23]), 
r(^7)^^ /o^ f(t)(t ~ sY^'^dt is L^-bounded, so (3.1) follows from Proposition 3.1. □ 

Proposition 3.3. For < 6 < a, < a < 1 and n e C^{R), 



Proof. Note that —6 < < a — ^, so we have complex interpolation scales on both 
sides of the inequality. We prove the result in the cases = 9 and = 1; the 
result then follows by complex interpolation. 

First we consider the case where — 9. We wish then to show that 

\\^iIe+i^{h)\\L-\R+) < C\\h\\H-0{R+)- 

When 9 = 0, this is Proposition 3.1. When 9 = 1 and 7 = 0, we see by duality that we 
need to show that ^{t)f{t)dt G iJ^(M+) for / G Since /i has compact support, 
the integral is zero for s large, and hence the integral is in L^(M"^). Its derivative 
clearly is in L^, and the proof of this case follows. When 7 7^ but ^ = 1, we have 
that Ii+i-y(/i) = Iilj-y(/i); by Fact 3.2 above, ||Ii7(^)||H-i(]K+) ~ II^II_h'~1(]r+)5 so we are 
done with this case. 

Next we consider the case where '^a = 1. Here we want to verify that 

||//Il+j^(/l)||^i-9(^+-, < C\\h\\jj-e^^^+y 

Wc checked the case 9 = 1 above, so we need only to check the case = 0. By writing 
Ii+i-y(/i) = IiIi-^(/i), we see that Proposition 3.1 shows that we only need to check 
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7 = 0. Thus, we need to check that, ii h e L^{R+), then ii{t) h{s)ds e -?/o(K+). 
The quantity n{t) h{s)ds is zero at t = 0, so, by Proposition 2.4, it is enough 
to check that it belongs to H^{W'^). The contribution is bounded since fi has 
compact support. The derivative is in since /i has compact support, fi and fi' are 
bounded and h G L^. This completes the proof of Proposition 3.3, modulo the proof 
of Proposition 3.1. □ 

Proof of Proposition 3.1. Our task is to estimate li^{h){t) — 
r(i7)"^ J^{t — sy'^~^h{s)ds in L^(M+). We interpret this singular expression as the 
limit as q; — > O"*" of Ia+i'y{h){t). We change variables by writing s — tu (so ds — tdu) 
to see that 



^ihm = / (1 - uy'^-'h{tu)du. 

r(^7) Jo 



We change variables again by writing t = e ^ and « = e"* for — cxo < a; < (so that 
du — e^dx) to see that 



r(^7) 



(1 _ e^)^^-'/i(e^-^)e^dx 



Suppose that A and B are two functions satisfying A{x) = i?(e=^^')e'^^/^. Then a 
simple calculation shows that B G L^(R+) if and only if A G L^(M). Therefore, 
mh){t) G L2(M+) if and only if Ii^{h){e-y)e-y/'^ G L'^{%), which in turn is true if 
and only if 

—— / (1 - e")'^-^e^/'/i(e"-^)e(^-f)/'dx G L^^™ ^ 

r(«7) i-oo 



<.yj. 



The same simple calculation suggests writing h{e^)e^ — f{x), so that what we wish 
to show becomes 



<C||/|b(M). 



Let 



A;(x) 



It suffices to show that 



J —c 



r(z7) 
^ r(i7) 



r(i7)-^(l -e^)*^-ie^/2 a; < 
a; > 0. 

< C - but 



(1 _ gx^jn-i 

-1/2 r(i7) 
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The integrand in 7(^) is integrable, so this contribution is bounded. The remaining 
piece is rewritten as 



Since |e^/^ — 1| < C\x\ and |(1 — e^y"'^^\ ~ |a;|~^, the first piece above has a bounded 
integrand. For the second piece of write 

1 - = -x + (1 + x - e^). 

Then we can take the Taylor expansion of the function g{y) = y'^"'^^ and write 

(1 _ e-)n-i _ + o {^^^ (1 + X - e"). 

Since 1+ x — vanishes to the second order at x = 0, we can ignore the error term. 
Finally, 



-- / e'^'H-xY^-^dx 

(«7) 7-1/2 



< C 



r(i7) 7-1/2 

by a classical calculation (see 6.12 of Chapter 11 in [23]). This completes the proof 
of Proposition 3.1 and our discussion of the properties of the Riemann-Liouville frac- 
tional integral. □ 

§4 Some estimates for the group and its associated 
Duhamel terms, in mixed norm spaces 

This section begins by recalling the Airy function and its relationship to the linearized 

KdV equation. Next, we prove estimates on the three terms arising in the Duhamel 
representation of solutions of the linearization of (1.2). In particular, we establish 
bounds for the linear solution group, the Duhamel forcing term containing the function 
g and the inhomogeneous Duhamel term. 

The Airy function and KdV 

Definition 4.1. Define the Airy function A by the property 
Similary, define by 

Proposition 4.1. The Airy function A is bounded and continuous on M. The value 
A{0) = ^ 0. 
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Proof. Lemma 2.7 in [17] shows that Aa is bounded for < o; < |. This proves that 
A is bounded, and Sobolev inequahties imply that A is continuous. Since 



we know that 



Ca = ^(0) = hm [ e'^'di = hm / e''^\r]-'^'^dr] = cT-^{r]-^'^){l) + 0. 

^-*°i|^|<l/£ J|j?|<£-l/3 3 

□ 

Remark 4-i- The solution of the initial value problem 

dtw + d^w = 
w{x,0) ^ (f){x), xeR, 

is given as a convolution of the initial data and a time-rescaled Airy function. Indeed, 
the solution is 

(4.1) w(x, t) = S(mx) = j e^^^^^'^'^iOd^ = j t-'/'A H^')dx'. 
Group estimates 

Lemma 4.1. The function w defined above satisfies the following estimates: 

(4.2) SUp\\w{-,t)\\H'(R) <C\\(f)\\H'>{R), -oo < S < +00, 

t 

(4.3) sup\\DpD'+^w\\L^L? < CMh^^^., -oo<s< +oo. 



(4.4) \\D'^d^w\\L^L^^ <C\\(I)\\hs(^k)^ -oo<s<+oo, 

(4-5) I|w||l^l2 < Ct||0||//-i(m) 

and 

(4.6) lk||iooij(.+i)/3(K^) < C||(/)||^.(K), -oo <s < +00. 
//* e C~(R), then 

(4.7) ||^(t)u'(a:,t)||c((_oo,+oo);i/(=+i)/3(M0) ^ <^ll<^ll-f^=W' -1 < « < 1 

('/iere C depends on ^ an(i its support). If 1 > s > 1/2, then w{Q, — ) is continuous, 
and w(0,0) = 0(0). 
Also 

(4.8) sup e-^l^l||L';^DrV4^|U4i^^ < -oo < s < +oo, 
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(4-9) ||L>>||^5iio<C||L>^0|U2(M), 

(4.10) \Mlil^ < C||0||^^.(ffi), s > 3/4, T < 1 

and 

(4-11) \\dxW\\LfL^ < C||0||j:^3/4(JJ). 

Proof. (4.2) follows from the group property of S. (4.3) follows from Theorem 3.5(i) in 
[19], and its proof. To establish (4.5), write = 4>i+4>2, where supp (pi Q : |{| < 1}. 
Note that 1 102| |_ff-i(R) < 1 10| |//-i(r); and hence the estimate for 02 follows from (4.3). 
For the other term, we have 

\\Sm,\\^^r.^^ < C{||5(t)0i|U.^2 + ||9.5(t)0i|L.^2 } 
To estabhsh (4.6), note that 



w(x, 



l/3^ 



dr] 



so that, for a fixed x, 

Next, note that the decomposition (f) = 0i + 02, as above, corresponding to w = 
W1 + W2, together with the previous estimate, yields \ \dI^~^^^^^W2{x, — ) 1 1^2 < C| \(f)\ \h'. 
Moreover, ||0i||//-i < and hence ||wi(a;, — )||^2 < C||0||h=- Also, dtWi{x,t) — 

-S{t)dl(f)i and WOIMh-^ < CMIhs, so that -)||^i < C||0||//. and hence 

||\E'Wi(a;, — )|| {s+i)/3 < C||0||iifs. Next, if we use the Leibniz rule (Theorem A. 12 in 

[19]) and the bound < J |C|"|^(OMC, we see that, for a fixed x, we have 



L>f+')/'(*(0«;2(x,0) - ^it)Di'^'^/'w2{x,t) - r>f+')^'*(t)«;2(x,t)| 

(•^+l)/3. 



L 



2 



<cmoo\\Dr " w2{x,t)\\L^. 

Using the bound above for dI^~^^^^^W2 and these bounds, we see that 

\\Di'^'^/'{^it)w2ix,t))\\^,<Cm\Hs 

and ||^(t)-u;2(a;, t)||2,2 < C||0||hs. To obtain the continuity into note that, 

for (p G H°°, all t and x derivatives of w are continuous; this, together with the 
previous bound, gives the desired continuity. The fact that, for s > 1/2, w(0, — ) is 
continuous follows from Sobolev embedding and the fact that (s + l)/3 > 1/2. That 
w{0,0) = 0(0) for s > 1/2 is an elementary computation. (4.8) is (3.9) (and its 
proof) and (3.11); (4.10) is (3.38); and (4.11) follows from the proof of (3.36), where 
the latter references are to [19]. □ 
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Remark 4-2. The proof of (4.7) given above uses properties of the cut-off function ^. 

We quantify the dependence of the constant C on The proof given above rehes on 
the boundedness of ||^||loo and | 1^3. The norm emerges from the last 
term in the Leibniz rule using the fact that W2 G from fractional integration. By 
interpolation, 

||L>f+l)/3^||^3 < SUp||L'^^L'(^+l)/3+l/6^||^^ .g^p|pi7^||^^_ 

7 7 

Since ^ + | < 1, Sobolev's inequality shows that 

c<c{m\L^+mL2}. 



Duhamel forcing term estimates 

We now turn our attention to corresponding Duhamel terms of the form 

(4.12) [ S{t - t')5oix)g{t')dt' = w{x, t), 

Jo 

for suitable g. 

Lemma 4.2. For h E C^(M), define 

W{x,t)= S{t-t')So{x)h{t')dt' = A(^ ^^_],y/, ^ ^^_\y/s h{t')dt'. 

Then w{x, — ) and w{—, t) are continuous for each fixed x and t. Moreover, w solves 

(4.13) dtw + d^^w = 6o{x)h{t) 
in S'{R^), w{x,0) = and 

where Ca is as defined in Proposition 4-i and I2/3 is as defined in Definition 3.1. 
Proof. By Proposition 4.1, 



\w{x,t)\<cj^ ^^_\>y/s m')\dt', 



which shows that w is well-defined and that |u'(a;, 0)| = 0. To check the continuity 
statements, recall from the proof of Proposition 4.1 that Aa is bounded for < 
a < 1/2, and hence that A is Holder continuous of order 1/2. (See, for instance 
Proposition 7 of Chapter 5 in [23].) Prom this and the formula defining w, the 
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continuity statements follow easily. Prom them and the fact that Ca 7^ 0, the formula 
for w{Q,t) follows. Finally, (4.13) follows from the fact that 




in □ 

Lemma 4.3. Let w he as in Lemma 4-^, with h e C^(]R+). Then the following 
estimates hold: 

(4.3.1) We have 

SUp||w(x, -)||^(.+i)/3(]K^) < C'||/l||^(.-i)/3(R), -1 < S < 1, 

X 

ess sup sup e-^^^^\\Di^D'+^w{x,-)\\L2(^^^ < C| |^(,_i)/3(ir), -1 < s < 1, 
and 

esssup\\D^^d:cw{x,-)\\L2(Rt) < C||/i||^(.-i)/3(]r), -1 < s < 1. 

X 

(4.3.2) Suppose that supp h C (0,1) and * e C^{{-2,2)) is a cut-off function 
in t. Then 

■^w{x, -) G C((-oo, +00); /7i'+^^/^(R+)), -1 < s < 1, 

-^wi^x, -) e C((-oo, +00); i/(^+i)/='(Mf)), -1 < s < 1, 

sup ||^'w(a;, -)||^(»+i)/3(K+) < C'll^llif(-i)/3(R+) 

and 

sup \\^W{X, -)||ij(.+i)/3(]R) < C||/l||^(.-i)/3(K+). 

X 

(4.3.3) Suppose that h, ^ are as in (4.3.2), and that -1/2 < s < 1. Then 

sup||*(i)w(-,i)||^,(K,) < C\\h\\jj(s.^),s 

and-^{t)w{-,t) e C((-oo,+oo);i/"(M^)), with 

sup||*(t)«;(-,t)||j^.(K,) < C||/i||^(.-i)/3(j^+^. 
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(4-3.4) The operation h i— > '${t)w{x,t) has a natural extension (defined by den- 
sity) to H^'~^^^^{R+) n {h : supp/i C [0,1]}. If s > 1/2, then w{x,0) = 
and 

pointwise. For other values of s this is valid in the sense of (4-3.2) and (4-3.3). 
(4.3.5) We have 

7 

sup e~^W||D>|U4^^^<C||/i||^-v4 

7 * 

\\Dy'w\\LiLr<c\\h\\L.. 



For 1/4 < s < 1, 



sup e-^l^l|pr'/^L'>llL4Lr < C\\h\\^ 



(s~l)/3. 



(4.3.6) ForQ<s<l, 



\Dlw\\LirW < C\\h\\jj(,-l)/3. 



Proof. We start out with (4.3.1). We prove the first statement by interpolation be- 
tween the cases s = 1 and s = — 1. Let / be an interval We claim that 



(4.14) 



S{t-t')(j^^h(t')dt' 



v2/3 



< c'II^IIl^ 



1 /3 

with C independent of /. In fact, (4.6) shows that | 5(^)01 1^00^2 < C||0||l2. 
Prom this estimate, duality gives 



/+00 
S{-t)Dy'g{-,t)dt <C|b|Ui^2. 

In turn, arguing as on page 554 of [19] , this implies that 



/+00 
S{t-t')Dl/'g{-t')dt' 
-00 



< C\\g\\LiLh 



which is the same as 
(4.15) 



D'J' / S{t-t')g{-,t')dt' ^<C\\g\\L.Ll 

J-00 L-^L^t 



19 



Finally, using Lemma 3.4 in [19], we have 

1 



(4.16) lim / / 



g{^,r)d^dr^2f S(t - t')g(-t')dt' 
Jo 

/+00 pO 
S{t - t')g{-, t')dt' + 2 S{t- t')g{-, t')dt' . 
■oo J —oo 



Let 



(4.17) A{g) = lim / / e'^^^^'^^ -^g{i,T)didT. 

^-^^J Je<\e-T\<l/e i^-^ 

Then (3.26) in [19] gives 



whcih, combined with (4.15) and (4.16), yields (4.14). Note that (4.15) and (4.14) 
also give 

/■oo 

(4.18) Dl'^ / S{t - t')g{-,t')dt' ^ < C\\g\\L.r.l 

Now, to establish the first estimate in (4.3.1) for s = 1, fix G R and let e 
C^(M) n ij-2/3(Mj). We use duality to obtain 



(4.19) 



+ 00 / pt 



-J^dA 

\{t-tr/'J{t-t'y/' J 



(f){t)dt 



/+00 / i>A 

hit') / 
-oo \Jt' 



<t>{t)A 



dt dt'. 



The boundedness and continuity of A, together with the dominated convergence the- 
orem, show that this equals 

h{t') hm / <t>{t)S{t - t') —XI-., {xo)dt dt' 
-oo MHoJt' vMI / 

h{i!) / <^{t)S{t - t') -jrXl-xo {xo)dt dt'. 
-oo Jt' Vl-'l / 

Changing the order of integration and applying (4.14) establishes the first estimate 
in (4.3.1) for s = 1. 

For the case s = —1, similar arguments reduce matters to proving that 



(4.21) 



J^S{t-t')(^-^^Xiyx)h{t')dt' 



< C 



ii'-2/3(Kt)- 
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To do this, we again proceed by duality to see that we need to show that 



(4.22) 



Dfl S{t-t'){{-xi){x)f{t)dt 



<C\\f\\L? 



for / G C^(]R). This follows from (4.18). Thus, interpolation now establishes the 
first estimate in (4.3.1). 

For the second estimate, note that, even though D^'^^A need not be continuous 
when s > —1/2, since we are interested in the ess sup over x, a duality and limit 
argument similar to the one given above reduces matters to the estimate 



(4.23) supe-^l^i 
7eR 



* Sit-t')(jj-^ {x)h{t')dt' 



< C 



ij(''-i)/3(M()- 



In order to show (4.23), we proceed as in the proof of (4.14). We first note that 

)(s+l)/2r)(l-^)/6, 



In fact. 



3 J rf/^ 



dri 



so that, by Plancherel, the l? norm in t, squared, equals 



Once more, duality and the argument on page 554 of [19] give 

"+00 

S{t-t')g{-,t')dt' ^ 



(4.24) 



^n/)s+i^(i-.)/3 



<C\\9\\lIl^,. 



From (4.24) and the fact that supp/i C (0, 00), we see that, in view of (4.16), (4.23) 
will follow from 



(4.25) 



If one follows then the proofs of Theorem 3.5, (3.8) and (3.26) in [19], we see that 
this reduces to showing that 



(4.26) 



,ixi 



s+l 



-di 



.|A|(i-)/3<Ce^l7l^ 
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where C is independent of x, A. Scaling reduces matters to showing that 



(4.27) 



To estabhsh (4.27), we write 1 = 0i(C) + 02(0 + 03(0' where each 0^ is even and 
smooth and supp^i C : |^| < |}, supp02 Q H ■ \ < \i\ < \} and supp^s C : 
1^1 > 1 + |}. The piece corresponding to 0i is the Fourier transform of a bounded 
function with compact support, and hence is bounded. For the second piece, we write 
— 1 = (^ — 1)(^^ + ^ + 1) and note that + C + 1 has no real zeroes. Thus, the 
piece corresponding to 4>2 corresponds to 



/ 



where 6 G C^({,^ : \ < |0 < |})- The Fourier transform of is e'^sgnx, so this 
last integral equals 

e'^{sgay)9{x - y)dy, 



which is bounded. Finally, for the third piece we have 
J e-^^™^03(O^e 

= J e-«iener^'{^-^}03(Orfc+ /e-«^^^03(o^e 

Since \-^tzi ~ ^| = [ g3(g3_i) | < on the support of 03, the first integral is clearly 
bounded. So is the second one, as long as s < 1. When s = 1, we are left with 
J e^^?MfZ03(^)(^^^ which is bounded by Ce^l^L 

Finally, note that the third inequality in (4.3.1) is proved in a similar manner. The 
restriction to s < 1 comes from the fact that, when 7 = 0, the integral /e*^^03(O^ 
is not bounded. 

To establish (4.3.2), note that, since supp/i C (0, oo), (4.16) implies that w — 
W1 + W2, where 

1 



and 



wi (x, t) — -A(So (8) h) (x, t) 
2 

r + oo 

W2{x,t) = - S{t - f){do){x)h{t')dt'. 
2 J -00 



Note also that, in obtaining the bounds in (4.3.2), since (s — l)/3 < < (s + l)/3, 
for each fixed x, the norms on both sides of the inequalities are complex interpolation 
scales (by Corollary 2.1 and Proposition 2.2). Thus, it is enough to establish the 
bounds for s 7^ 1/2. Next, note that, since, by Lemma 4.2, w{x, 0) = 0, Proposition 
2.6 shows that, for s 7^ 1/2, we have 
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Thus, to establish the estimates in (4.3.2), it suffices to show that 
(4.28) \\-^Wi{x,-)\\H(s+i)/3(^^) <C\\h\\H(s~i)/3^^), i = l,2. 

In order to cstabUsh (4.28), write h = hi + /i2, where hi G S{M.) and supp^i C {r : 
|t| < 2} and supp/i2 Q {t : |t| > 1}. We first estimate 

^{t)A{hi){x,t) = ^{t) J j e'^'^e^'^y^drdi 

= *(i) j e'Hi{T)Q e-^-^^dr- *(t) J e''^^^K{x,T)dT, 

where \K{x,t)\ < C. (See the proof of (3.26) in [19].) Next, we claim that |^(t)| < 
C| |j:^(s-i)/3 for |r| < 2. In fact, since supp/i C (0,1), we may choose // e s.t. 
// = 1 on (0, 1) and h — /ih. From this we compute that 



h{T)= j fl{T-\)h{\)d\ = j fl{T - + \\\ 

\kr)\<{j |/i(r-A)p(l + |A|)^M/^dA)^ 



,(i-.)/3 — m — 



(l + |A|)M/3 



so that 

1/2, 

I L I , 

|i/(f-l)/3. 



Since fi G S and |r| < 2, the claim follows; but then \'i/{t)A{hi){x, t)\ < C'^(t)\\h\ \ff(i-s)/3, 
and hence 'i/A{hi){x, — ) G L^(Mj), uniformly in x. A similar argument gives us that 
■^{^A{hi){x, — )) e -L^(Rt) uniformly in x, and hence we have the estimate 

\\^A{hl){x, -)||jf(l+.)/3 < C||/l||^(l-,)/3. 

For the corresponding term in W2, we have 



^(t) jj e'^'^e'^'-''^^ hi{t')dt' di = <^{t) jj e'''^e''%{T)5o{r + i^)drd^ 
= *(i) J e^''k{T)[j e''%{r + e)dC)dr 

which is handled in the same way. 

Finally, we turn to the terms corresponding to /i2- Note that | |/i2| |^(s-i)/3 < 

I |^(s-i)/3, and that ||/i2||ij-i < 1 1^1 |i?(''-i)/3- We then use the proof of the first 
estimate in (4.3.1) to obtain the bounds 

\\Di'^'^/'Aih2)ix,-)\\L2<C\\h\\His-.ys, 

r+oo 

^(s+l)/3/ S{t-t'){x)h2{t')dt' ^<C\\h\\H,s-.ys, 
J-oo 

\\A{h2){x,-)\\L.<C\\h\U-.ys 
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and 



/ + 00 
S{t-t'){x)h2{t')dt' ^<C\\h\U.-,ys. 
-oo 

These bounds, combined with the Leibniz rule and the bound < C, give us 

(4.28). Finally, the continuity statement follows from Lemma 4.2 and the estimates 

already proved. 

We now turn to (4.3.3). In view of (4.16), we are again reduced to studying two 
terms. For the term corresponding to 



A{6o (g) h){x,t) 



we have 



By Plancherel, we are reduced to bounding (with 1-i the Hilbert transform) 



MX 



X-e 



7"2 



r2 



1/2 



Now, since —1 < 2s/3 — 2/3 (because s > —1/2) and 2s/3 — 2/3 < (because s < 1), 
the weight jr/p^/^'^/^ is an A2 weight (see, for instance. Chapter V of [25]), and hence 
the Hilbert transform is bounded in with this weight. Thus we get that the last 
expression is bounded by 

drj \ ^^'^ 11,11 

\h(s-1)/3- 



c(^j |r7|2*/=^|e^*''^(?7)p 



r] 



2/3 



\h\ 



To estimate the term S{t — t'){So){x)h{t')dt' , we are reduced by the group 

property to estimating 

"+00 



(4.29) 



S{-t'){6o){x)h{t')dt' < C\\h\\His-iy,. 



L2 



We will estabhsh (4.29) by duality. Let / e C^(M) n L^{R), and consider 

r" + 00 



Di 



S{-t'){5o){x)h{t')dt' f{x)dx 



5o{x)h{t')Dl^S{t')f{x)dx dt' . 



Note that D^S{t')f is a continuous function of x, since D^f e for all £ > (here 
we use —1/2 < s). Hence, this expression equals h{t')D^S{t')f{x)\^^^^dt'. We 
thus need to show that 



(4.30) 



I^^^(^)/IIloo,^(1- 



')/3(Rt) 



<c||/|U., 
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but this is contained in the inequahty after (4.23). 

To estabUsh the second inequahty in (4.3.3), note first that, since s > —1/2, 
—1/2 < (s — l)/3 < 0, and hence, since supp h C (0, 1), Remark 2.4 and Proposition 
2.7 show that ||/i||H«(R+) - ||^||h«(r+) - ||^||h^(r+), where a = {s - l)/3. Next, we 
distinguish two cases: — 1/2 < s < 0, and < s < 1. In the second case, by the first 
inequahty. 

Also 



H. 



(s-l)/3 



(M+)' 



\\w{-,t)\\L2 < C\\h\\fj-l/3 ~ C||/i| 1/^-1/3(15+) < C\\h\\H(s-l)/3(^+) < C 

which gives the estimate. In the first case, we simply note that 

\\w{-Mh^ < \H-:t)\\H^ < C\\h\\His-iys ~ C||/i||^(.-i)/3. 



Finally, the continutity statement follows from the estimate, together with Lemma 
4.2. 

Next, note that (4.3.4) is a direct consequence of (4.3.2), (4.3.3) and Lemma 4.2. 

We turn to (4.3.5). The first estimate there is constained in Proposition 3.5(3) of 
[14] and also in Proposition 2.3 of [21]. We will present an alternate proof, using the 
method in [7] . The first part of the proof consists in estabhshing the inequahty 



(4.31) 



DlWl^^ S{t-t'){So){x)h{t')dt' 



<C\\h\\L2. 



To prove (4.31), we use the 'T*T method'. Thus, testing against an / in Lt^^L], we 
see that (4.31) follows from 



(4.32) 



/+00 
S{t-t')f{x,t)dt <C\\f\ 
J.oa J 2 



Fix xo, and compute the L^, norm squared; we obtain 



(4.33) 
where 



II ^^^'^^ ill -^^o(^'^'^'^)-^(^'*)^^ ds^dxdt, 



K,,{x, y, t,s) = J DpDl/'A{xo -x,t- t')D;''^Dl/^A{y - xq, t' - s)dt' 
and A{x,t) — --^sA{x/t^^^), where A is as defined in Definition 4.1. We now proceed 
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to compute K^q, using the fact that A{x,t) — J e'^^e'*^^d^. We obtain 

KxoiX: y,t,s) 

Axo-x)(^ite^~isv' I ^ I ^ 1 3/4e^(y-^o I I I 1 3/4^0 (?^3 _ ^3 ^ _ 



Making the change of variables rj^ — a and computing the integral over rj, we obtain 

A well-known bound (see, for instance, Lemma 3.6 in [19]) now gives 
(4.34) \K,,{x,y,t,s)\< ^ 



with C independent of Xq, t and s, which, combined with (4.33) and the theorem 
on fractional integration, yields (4.32). We will now use the proof in [7] to deduce 
our estimate from (4.31). This is a general procedure. First, it is easy to see that it 
suffices to prove 

||supw(x,t„)||i4 < C\\h\\L2 

n 

for any sequence < ti < ^2 < • • • < < tn+i < ■ ■ , with a bound which does not 
depend on the particular sequence. Next, note that it suffices to show that, for any 
measurable function N : ^ N with finite range, the linear operator T^^^ defined 
by 

rW(/i)(a;) =w(a;,t^(,)) 

satisfies the estimate 

(4.35) ||r(^)(/.)IU4<c||/.||^., 

with C independent of and {tn}. Assume that | |l2 = 1, and define a probability 

measure A on (0, cxo) by X{S) = Jg \h\'^dt. The main tool is Lemma 2.1 in [7]: Define 
Yn = [0,tfj, so that Yn C Yn+i- Then there exists a collection {-B™} of measurable 
subsets of (0, oo), indexed by m e (0, 1, 2, • • • } and 1 < j < 2"*, satisfying: 

i. For each m, {BJ^ : 1 < J < 2"*} is a partition of (0, oo) into disjoint measurable 
subsets. 

ii. Each BJ^ is a union of precisely two sets BJ^'^^, ^h^^- 

iii. A(£™) = 2-'" for all m,j. 
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iv. Each set Yn may be decomposed, modulo A-nuU sets, as an empty, finite or 
countably infinite union 

with mi < 1712 < ■ ■ ■ ■ This decomposition may not be unique, but we fix one 
such decomposition for each n. 

Next, define 

POD 

T*{h){x) = sup / D'^Dl/^S{t - t'){5o){x)h{t')dt' , 
t Jo 

and note that, for h satisfying supp /i C (0, cxd), (4.31) implies that ||T*(/i)||^4 < 
C||/i||l2. Also note that we can write 

= / DpDl/'Sitr,^,) - t'){5o){x)h{t')dt'. 
Jo 

Define now — {x : N{x) — n}. Let 

R = {(m, j, n) : BJ^ is one of the sets in the decomposition of Yn} 
and DJ^ — [j A^. Note that, for a fixed m, the sets DJ^ are disjoint. In 

{m,j,n)£R 

fact, if Dj^ n Df^ ^ 0, then, since the A„s are disjoint, there exists an n such 

that An intersects, and hence is contained in, both D"^ and D™. Hence, since 
{m, j,n), {m,i,n) G R, BJ^ and B^ both occur in the decomposition of Yn - but 
then, by construction, i = j. Define now /i™ = hxs^, so that hxY„ — hj^- 

(m,j,n)eR 

We then have 



/ 

^0 



D^Dl'^S{tMi:c) - t'){5o){x)h{t')dt' 



= E ^^r.{x) / Dl^Dl''S{U - t'){5o){x)h{t')dt' 

POO 

-Y.^aS^) / Dl^Dl/'S{tn - t'){6o){x)xioM)imt')dt' 

POO 

-EE ^^"(^)/ D^:Dl/^S{tn-t'){6o){x)h-{t')dt' 

n (m,j,n)eR 

but then 

|tW(/i)(x)|<E E XAMT\hJ){x)^Y.Y.^^T^^)T*iK)i^)- 

n {m,j,n)eR rn j 
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Now fix m, and compute (recalling that the Df' are disjoint) that 



\j2xDj^{x)T*ih 



4 



< C2- 



since the B'^ are disjoint. Thus 

||T(^)(/i)||l4 < ^2-"/^ < C, 

m 

as desired. Unfortunately, this elegant general method does not seem to apply to 
the proof of the other two inequalities in (4.3.5), due to the presence of t (fractional) 
derivatives. We will therefore give a different type of proof. We use formula (4.16) 
to reduce matters to the corresponding two estimates. The first one, for the second 
inequality in (4.3.5), is 



(4.36) 



+00 



D"^ S{t-t'){So){x)h{t')dt' 



<C||/.||^_V4. 



Since this is a convolution in the t variable and Dl^S{t — t'){So){x) 

— Dl^^^S{t — t'){6Q){x), the Dl^ can be moved to h, and, since the norm 

is not changed by the action of Dl"'^^, we can take 7 = 0. Writing h — dI^'^q for 
g e L^, we see that (4.36) becomes 

f +0O 



(4.37) 



D 



1/4 



S{t-t'){5o){x)g{t')dt' 



<C\\g\W. 



Following the argument used in the proof of (4.31), matters are reduced to estimating 
the kernel 

H^,{x, y, t,s)^ J Dl^^Aixo - x,t - t')Dy^A{y - xo, t' - s)dt'. 



Recall that 



A{x,t) 



so that 



Dl"A{x,t) = \j e 



ixrj^l-^ itri I „ 1 1/4 



1 / Jxil^ 
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dr] 



n 



2/3' 



e ' \ri\ 



drj 



2/3 



and is just the kernel K^q studied before. We next need an estimate for A{So®h). 
We will first treat the case 7 = 0. Writing h — D^^g for g e L'^, we see that this 
boils down to the estimate 



(4.38) 



\\Dl^'A{So®g)\\LiL^<C\\g\\L^. 
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Now, 



Dy'A{6o^g){x,t) 



1/4 



-g{T)didT. 



We first compute / e*^^;^:^. This has been carried out on page 562 of [19], where it 
is shown that 



with ctj e C and ai > 0. Moreover, since 



aie"'^ sgnx + ase^^/'e-^^l^l + a3e'''/'(sgna;)e-"^l^l 



df] 



1_^3 ^2/3' 



we sec that we have a sum of three terms, which we will label Ti, T2 and T3. We start 
out with 



{g){x,t) = C,J 



2/3 



= Ci(sgnx) y 



'*^"-'^^'^'(sgnT^/')^(r) 



dr 



15/12 ■ 



Since g & L'^, we are left with estimating 



fi{h){x,t) 



I 



dr 



15/12 



in the L^L^ norm, in terms of the L norm of h. This follows from Theorem 2.5 in 
[17]. 



The remaining two terms are similar. We turn to T2: 



dr 



15/12 ■ 



Following the proof of Theorem 2.5 in [17], we see that, to obtain the desired estimate 
for T2, we need merely to use the estimate mentioned on page 564 of [19] (see also 
Corollary 2.9 of [17]). Let / G lI^^LI Then 



f{x,t)T2{g){x,t)dxdt^C2 I gir) 
Thus, we need to estimate 



1/3 

lrlVi2 



/(a;, t)dxdt dr. 



<C||/||,i/3,,. 



Ll 
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If we write out the norm, we obtain 




T 



5/12 



X 



J I ^-isr^iyryV2^-a,\y\ M^/s f {V, s)dyds 



where 

K{x,y,s,t) = /e*-(-*)e%-)-^/V2e-aiNMi/3g-ai|,IMV3 o?r 
The estimates mentioned above give the bound 

C 

\K{x,y,s,t)\ < 

\x — y\ I 

from which our estimate follows easily. 

Finally, note that, given (4.16), the third estimate in (4.3.5) follows from (4.37) 
and (4.38). To conclude the proof of (4.3.5), we are left with showing that 

(4.39) \\D^gD\/'A{5^®g)\\L.:^^<Ce^\'^\\\gU, 7^0 

The proof of this is a variant of the proof already given. We start out by introducing 
an operator 5"^, given by 

(4.40) Sr,g{x, t) = / e'*-e-- vLl^^^^dr. 

J —oo ^ 

We claim that 

(4-41) \\S,9\\LiLr<j^M\L^- 

This follows from scaling, and the bound for Ti sketched above. Now, in order to 
obtain (4.39), write 

Writing 1 — rj^ — (1 — rj){l + rj + rj'^), we see that 



K{xT'/^,ri) - e*^^^ "iT^r^ = e^^^ ^ " 



l/3„ \V 



(1 -77)(l + 77 + 772) 



30 



Let now (fij e C°°(R) satisfy 1 = (fiir]) + </'2(?7) + fziTl) a-^d supp<^i C {q : \r]\ < |}, 
supp(/?2 Q {v '■ < V < 2} suppy^a C. {rj : r] < — |} U {r] : r] > |}, and consider 
the corresponding kernels Kj, so that our operator is Li{g) + L2{g) + L^{g)i where 

(4.42) H9){x.t) = J e^^^g{T)^-^Kj{xT'/',rj)dTdrj. 

Let us consider 

Using the bound (4.41), the fact that 

\\Dt'^'9\\v^ = \\9\\v^ 
and the fact that, on supp</7i, we have that | (1+^+^2) | < C, we see that 

\\Li{g)\\LtLr <c[ -^^MlL^dT^ < C\\g\\r.2, 
as desired. For L3, we have 

and, on suppc/^g, | (^_^)(i^^^^^2) | < thus yielding a similar bound. We next 

turn to L2. We have 

' ^ -(p2{v)Sr,{Dl^^^g){x,t)dri 



{1 - ri){l + T] + T]^) 
J (l-?])(l + ?] + r;^) 

+ / Y^^,(i^r^'^)(x,i)cir? 



For the first term, note that, on supp(/92, we have that | (i_^)'(i"^^^2) | < C'|7|, and 
hence the argument used for Li applies. For the second one, note that, on supp((/92— 1), 
— /-1 4-? 113 ; ^^d hence the argument we used for L3 applies. Finally, the 



1 



{l-v)il+r]W) \ - (l+l*?!) 
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third term is identical to the one handled for the case 7 = 0, and thus (4.39) follows. 
Finally, to obtain the last estimate in (4.3.5), we estimate it by a well-known variant 
of the three lines theorem (see Lemma 4.2 in Chapter V of [26], for instance), using 
the first two bounds. To establish (4.3.6), we use a similar argument, this time using 
the last estimate in (4.3.5) and the second estimate in (4.3.1). Thus, we consider the 
analytic family 

When = 0, we use the estimate in (4.3.1), while, when = 1, we use the one in 
(4.3.5). Since s = i) + |(s + l), and ^ = + ^ = t"0 + l"i estimate 

follows. □ 

Inhomogeneous Duhamel term estimates 

Lemma 4.4. Let ^ 

w{x,t)^ / S{t-t')h{x,t')dt'. 
Jo 

Then the following estimates hold: 

(4.43) \\dM\LrL^.<C\\h\\LiL2, 

(4.44) supWDlWlwW^^^ < Ce^l^l 1 1/^11^1^2, 

7 

(4.45) \\w\\^^f^ys<C\\h\\LrL2, 

(4.46) WD^'^'DlMlLiLr < C\\h\ys^, 

and 

(4.47) IklUlilO < C| I /i| 1^5/4^10/9. 

Proof. (4.43) is (3.7) in [19]. (4.44) is (3.8) in [19] when 7 = 0. The general case is 
contained in the proof of the second inequality in (4.3.1) (for s = 1). (4.45) follows 
from the proof of the case s = 1 of the first inequality in (4.3.1). (4.46) is (3.10) in 
[19], while (4.47) is (3.12) in [19]. □ 

Lemma 4.5. Let w be as in Lemma 4-4- Then the following estimates hold (for 
heC^{Rx [-T,T]): 

For < s < 1 and satisfying supp^ C [— T, T] and |^l''(t)| < C/T, we have 
(for T<1, with p{s) = | - f j 

||*«;(0,-)||^(.+i)/3(K) < cr^(^)||/i||L|i^., 

(4.49) lk(0,-)||^2/3(n,^)<C||/i||ii^., 

(4.50) ll«^(0,-)||i^i/4(K,) < C\\h\\^4/s^, 
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and 



(4.51) 



k(0,-)||i/l/3(M,) < C\\h\\^5/,^10/9. 



Proof. For the estimates in (4.48), first note that, for heC^{Rx [-T, T]) , it is easy 
to see that w satisfies 

sup \\w{-,t)\\H^(j^^) < +00 

te[-T,T] 

for all s, and hence w G C°° (R x (— T, T)) and w{—, 0) = 0. Next, note that, because 
of this, if the second estimate in (4.48) is established for s 7^ 1/2, then the first will 
follow by Propositions 2.4 and 2.6, and hence, by Corollary 2.1, this will be the case 
for all < s < 1. Note also that, by Remark 2.3 (applied to the interval [— T, T]), it 
suffices to estimate ||^'u;(0, — )||ij(s+i)/3(]R). Thus we will show that 



(4.52) 



^(t) [ S{t-t')h{x,t')dt' 
Jo 



x=0 



^(f+l)/3. 



We first consider the left-hand side of (4.52) for s — —1. By Minkowski's integral 
inequality, we can bound it by 



(4.53) 



-T 



\\S{t)S{-t')h{x,t')\\L^Ll 



dt' < CT^/^ 



where the second inequality follows from (4.5). 

Next, consider the left-hand side in (4.52) when s = 2. Prom the Leibniz rule, we 
have that 

dt{^{t)J^ S{t-t')h{x,t')dt'^ =dt^{t)j^ S{t-t')h{x,t')dt' + ^{t)h{x,t) 

-^{t) [ dlS{t-t')h{x,t')dt', 
Jo 

and each of these terms is to be controlled in L^L'^. Por the first term, we have the 
estimate 



C 
T 



[ S{t-t')h{x,t')dt' 
Jo 



c 

< — 
- T 



I S{t-t')h{x,t')dt' +^ d^f S{t-t')h{x,t')dt 
Jo ^l^T T Jq 



For the second term we use the bound 

\\h\\L^Ll<C\\h\\r^.H. 
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to obtain a similar bound. 

Finally, for the third term, using Minkowski's integral inequality and (4.3), we 
obtain 



j J\S{-t')dlh{x,m,idt' <CT'/'\\h\ 



so that 
(4.54) 



^(t) ! S{t-t')h{x,t')dt' 
Jo 



x=0 



Hi 



<C\\h\y^H.. 



Hence, (4.52) follows by interpolation of (4.53) and (4.54). 

In the proofs of (4.49)-(4.51), we use (4.16) and the observation that X(-oo,o)^ is 
in the same space as h to reduce matters to the corresponding estimates for A{h) and 
S{t — t')h{x, t')dt'. In the case of (4.49), this is contained in the proof of the first 
inequality in (4.3.1). In the case of (4.51), duality reduces matters to the estimates 
proved in establishing the third inequality in (4.3.5). Finally, (4.50) can be obtained 
either by interpolation of (4.49) and (4.51) or by duality from the proof of (4.3.6). □ 

Remark 4-3. The restriction to x = in the right-hand sides of (4.48)-(4.51) is not 
significant. In fact, if X is the space of functions in t in which the estimate has been 
made, the left-hand side can be replaced by C(]R;X). This is because of translation 
invariance and the first remark in the proof of Lemma 4.5. 



§5 Some estimates for the group and its associated 
Duhamel terms in Bourgain's spaces 

This section introduces a modification of the spaces introduced by Bourgain in [5] . We 
also establish useful estimates for the linear solution group, the Duhamel forcing term 
and the inhomogeneous Duhamel term in these spaces. The results of this section 
are combined with a bilinear estimate in §7 to prove local well-posedness of (1.2) for 
data (0, /) e X H^^^ in the standard KdV setting, k = 1. 

Bourgain's spaces with a low frequency modification 

Definition 5.1. Let / e ^'(M^). We say that / e if < oo, where |M|x(, is 

defined by 

(5.1) I I/I = (ly (1 + 1 A - e\r\m a) m d\) 

+ (// {l + \\\r''f{^,X)\'dCdxY\ 

where | < a < | is fixed, and < 6 < |. 
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Remark 5.1. The space X}, also depends upon the parameter a, but we have chosen 

to suppress this dependence in the notation. This space and the space YJ, below are 
introduced for studying the case = 1 of (1.2) for data (0, /) G x H]^^ . A natural 
extension of X5 for problems with data in x may be defined by including 

the spatial Sobolev weight (1 + ICI)^"* in the two integrals in (5.1). We shall refer to 
this extension as Xg^h- Similar comments apply to the space we define next. 

Definition 5.2. Let / G ^'(M^). We say that / G if ||/||y, < +00, where \ \-\\Y^is 
defined by 

''^''-(//(if^^^-)^^^ 



i + iA-e 

where Q <h<\. 

We start off with a useful property of the space X^: stability under multiplication 
by smooth time cutoffs. 

Lemma 5.1. Let 9 G C^(M) and f G X^. Then, for b G (0, 1), we have 0{t)f{x, t) G 
Xj, and 

(5.3) ||^/lk<C||/|k. 

Proof. There are two terms in (5.1) that we must control. We first consider the low 
frequency term. Note that /ij^|<i \f{^,^)\'^d^dX < ll/llxb- Next, 

x\'^\eff= [[ \Dtie-f{U))\'d^dt, 

where / denotes the spatial Fourier transform of /. We now use 

\\D%ev)\\L^<C{\\v\\L^ + \\D'v\\L^) 

to get 

\\n9ff<C [[ i\fi^,t)\' + \D'^f{^,t)\)dtdC 

<c [[ ii+\x\rmx)\'dcd\. 
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We have shown that 



// 

JJ\e\<i 



1 + W\ef{^,x)rd^dx <c (1 + \x\y"\f{^,x)\'d^dx. 
ici<i JJmi 

It remains to estimate the other term in (5.1). Note that Of = *x f and that we 
have to show that, Va G M, 

J 1/ *A 9\'{1 + I A - a\f'dX <cj + I A - alfdX, 
uniformly in a. Since J \9\dX < C , we have 

J\f*x9\'<cJ \f\\l + \X-a\)''dX, 

so we need to handle 

J \X-a\^''\f*xO\^dX^ J \D\{e"'-ef)\^dt. 

The Leibniz rule for fractional derivatives [19] gives 

\\Dl{e^-~f9) - eDl{e^^-~f) - Dl{9)e''^- ~f\y < C\\e\M\Dl{e'^- f)\\r.2. 
Since ||£)j(^)||ioo < C and ||/||l2 is in the right-hand side of (5.3), we are done. □ 

Group estimates 

The following result supplements Lemma 4.1. 

Lemma 5.2. Let 6 e C^(M) he a cutoff function adapted to [— T, T], with T < 1. 
For (f) e -£/^(M), we have 



1/2 



(5.4) mt)sm\x, < c(|(i + \x\r\§{x)\'dx) 

Proof. We write {9{t)S{t)(l))^{C^, X) = 9{X — ^^)0(O; and use this expression in the 
two terms of the Xb norm. For the low-frequency term, we have 

// \xnei>^-e)\'\m\'d^dx= I \m\H[\M'"m-e)\'dx)dc 
jj\^\<i •''i€i<i 

We change variables to see that the above expression is equal to 

/ \m\'([ \x+en9w\'dx)d^ 

m\\l{^+\Mr"m\'dx)d^, 
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so the low- frequency term is fine. Tfie remaining term in (5.1) is 

= / \^io\'{Ji^+\>^-e\r''m-e)\'dx)d^, 

and we are done since b < ^. □ 
Duhamel forcing term estimate 

We supplement Lemmas 4.2 and 4.3 concerning the Duhamel forcing term with the 
following estimate. 

Lemma 5.3. Let g e H~^/^{R) and let 9 e C^(M) be a cutoff function. We have 



< C\\g\\H-i/3- 



(5.5) e{t) f S(t - t')5o{x)g{t')dt' 

Jo 

Proof. Let w{^,\) denote the space-time Fourier transform of 6o{x)g(t). The multi- 
plier representation of the operator S{t) (see (1.6)) allows one to show that the object 
to be estimated may be written as 

/* /* itX it^^ 

(5.6) u{x, t) = eit) j J e'^^^j^^wiC, X)dC dX. 

We make a useful decomposition of this function. Let ip G C^(M) satisfy ip = 1 near 
X — and supp-^ C {x : \x\ < 1}. We first break up (5.6) into two pieces, one near 
A — = and the other far from A — = 0, by writing u — ui + U2, where 

I e'^^^^^^i^{X-e)w{C,X)dCdX 

and 

//* itX it^^ 

I g"^ %1^3 [1 - V'(A - e)]w{C, X)d^ dX. 

Next, we take the Taylor expansion of the exponential to observe that 
(5.9) u,{x,t) = 9{t)f2'-^ //e-V*«V(A-a(A-a'-'^e,A)ciec^A. 



k=l 



Let Okit) = t''0{t), so that \\dk\\L^ < \\9\\l^ for aU k; then 0'^{t) = kt''-^0{t) + t''0'{t), 
so that \\0k\\L^ + \\0i\\L^ < C(l + |A;|). Let 4(0 = /V'(A - f )(A - e)''''^M^, X)dX. 
This notation allows us to reexpress Ui as 

(5.10) u,{x,t) = J]^^fc(t) / e^^V*«'0,(e)de. 

k=l ' 
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In light of Lemma 5.2, to control ui as claimed, it suffices to verify that 



(5.11) 



^p{x-e){>^-e)'-'9Wdx ,<cii5i 1^-1/3, 



where we have used w{^, A) = ^(A). The support property of ip shows that 
controlled by J\x-^3\<i 9{X)d\. We break the L| norm into a low- and a high-frequency 
piece. Consider firsF 



J\^\<2^J\\-e\<i ' 

J\i\ 



l«l<2 



A-5'^|<1 
A|<9 

l^(A)| 



\g{mA di 



(l + |A|)^/'^rfA) di<C\\g\\\.,i,. 



'|^|<2Vy|A|<9 (1+|A|)V3 

Next, we consider 



|A|>1 



Write T] — ^ and change variables to find that the above expression is equal to 
(5.12) 



kl>8 



|A|<1 



Now, by Holder, 



|A-J?|<1 
|A|>1 



|A-J?|<1 



l^(A)| 



(1 + |A|)V3 



-| 3/2 ^, 4/3 

dX 



|A- 



.,,,(l + |A|)ciA} 



2/3 



|A|>1 



The last expression on the preceding line is comparable to (1 + l?]])^''^. Going back 
to (5.10) leaves 

IMA) I 



f 

J\n\ 



dX > drj. 



H>8U|a-,|<il(1 + |A|)^/^ 

Another application of Holder, using the constraint on the A-integration, proves (5.11) 
and therefore 

\\ui\\xb < C\\g\\H-i/3. 
We turn our attention to the term U2- There are two pieces. 



(5.13) 

and 

(5.14) 



U2,i{x,t) = 9{t) // e"4e 



A-e 



w{^,X)dCdX 



u,,,{x,t) ^ 9{t) II e^^^e^'^'^-^^^^w{tX)d^dX, 
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satisfying U2 — U2,i — U2,2- The term U2,2 may be handled using Lemma 5.2 once we 
estabhsh that 



(5.15) 



/ 



-g{X)dX 



<C\\g\\H- 



1/3. 



The (square of the) |^| < 1 contribution to the L| norm appearing in (5.15) is con- 
trolled by 



J|el<lV^|A-?3|>l/2 1+ |A-4''| / 

</ (/ |^(A)|rfA)V+ / (/ -^\g{X)\dXy 



When 1^1 > 1 and |A| < |, |A - ~ |^^| and we get 

/ w(/ I^(A)Ma)V<IMI^-v3- 

^|^|>l 1^1 V|A|<l/2 ^ 

When 1^1 > 1 and |A| > |, we are left with 

\-^{x-e 



\i\>\ V^|A|>l/2 



A-e 



3 ^(A)ciAjrfe 



|A|>l/2 A -77 / 772/3 



We now use the fact that is an A2 weight [25] to get that the above expression is 
no greater than 

C f ^c^A<C|b||^_,,3. 

J\\\>l/2 1^1 ' 

This completes the treatment of 77,2.2; all that remains to be considered is ■U2.1. Lemma 
5.1 shows that we may ignore the time cutoff 9{t) in (5.13). We shall consider the 
low-frequency term in (5.1) first. We therefore look at the expression 



(5.16) 



Note that L|<]^ 



|A| 



2a 



l€l< 



i(i + |A-e 



3h2 



\g{XfdXd^. 



l^l<i (i+|A-g3|)2 < 1^ and (5.16) is bounded by 
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which is fine as long asl — «> |,i.e.,Q;< |, which we have assumed in the definition 
of X},. The other part of the Xi, norm is controlled as follows. We look at 

(5.17) + e^ir (^^|/_^3|)2 l^WI'^^^^ 

Claim 5.18. Assuming h < |, we have 



+ |A-e'|)2M 



d\. 



^ C 



;i + |A-e3|)2(i-'') - (i + |A|)2/3- 

Proof of (5.18). Note that our assumption & < | guarantees that 2(1 — h) = l + e for 
some £ > 0. Therefore, the claim is fine in case |A| < 2. For |A| > 2, we write r] = 
and change variables to get 

f drj 



I |r7|2/3(l 



'1 + |A-ei J |r7|2/3(l + |A-7?|)i+^' 
The ?7-integral is split into three regions. 
I. \r)\ < i|A|. 

Here we have (1 + |A — r]\) ~ (1 + |A|), so we write 



dr] 



J |77|2/3(1 + |A - r]\y+- - (1 + |A|)(2/3)+(e/2) J |^|2/3(1 + |^|)(l/3)+(s/2) 

to observe the claim. 



II. |?7| ~ |A|. 
Here we get 



drj ^ C 



WJ\m<H<m (i + |A-77l)^+^ - |A|V3- 

HI. 2|A| < \r]\. 
In this region, (1 + |A — ?7|) ~ (1 + |?7|), so we get 

r dr] r dri C 

i|.|>2|A| \vmi + \v\y^' - Jh>2\m (1 + - (1 + |A|)(2/3)+^- 

This completes the proof of the claim. □ 

Returning to (5.17) and using the claim finishes off our estimate of M2,i, and with 
it the proof of Lemma 5.3. □ 

Remark 5.2. The assumption 6 < | is crucial in the proof of the second case of the 
claim. It was this that forced us to introduce these modified Bourgain spaces. 
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Inhomogeneous Duhamel term estimates 

This subsection contains two lemmas concerning the inhomogeneous Duhamel term 
J^Sit - t')w{x,t')dt'. We begin by showing that, for 9 e C^(R), the formula 
'w{x, t) I— > 9{t) /g S{t — t')w{x, t')dt' defines a bounded map Yi, — > Xi,. Then we show 
that a (time-localized) inhomogeneous Duhamel term may be restricted to {x — 0} 
as an i7^/^(Mt) function when the inhomogeneity w e Yi,. 

Lemma 5.4. For w G and 9 e , we have that 



(5.19) 9{t) [ S{t-t')w{x,t')dt' 

Jo 



< C\\w\ 



Proof. The expression to be controlled in was considered in (5.6) during the proof 
of Lemma 5.3. As in the discussion there, we decompose u into ui + ^2,1 — ^^2,2 and 
estimate the terms separately. The ui term was reexpressed in (5.10), from which we 
see that, to control it appropriately, it suffices to show that 

||0fc||L2 < ||w||y^. 

The definition of 4>k{0^ which appeared between (5.9) and (5.10), shows that we may 
consider 

- - 1/2 

||0fe||L2 < 

and this is bounded by 




|A-«^|< 



which is a part of the Yb norm. 

We next focus on the first term in (5.1) for U2,i and 1^2,2- 
For 1^2,2, we use Lemma 5.2 and the fact that 

3\ 



satisfies 

10(01 < / Y^r^r^Ke,A)|ciA, 

so that ||0||l2 < ||'"^||y6- ''^2,1, we use Lemma 5.1 to ignore the time cutoff 9{t) in 
(5.13) and reduce matters to controlling 



[i-^(A-ap 



|A-e 



312 
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The support properties of ^ tell us that the above quantity is no greater than 



= C 



(1 + |A-ei)^('-^'') (l + |A-e|) 



26 



Since 1 - 26 > 0, (1 + |A - {3|)2(i-2b) > so we bound by \\w\\y^. 
It remains to estimate the low- frequency part of (5.1), 



/ / 



A 



2a 



[i-^(A-ap 



< c 



\w{i,X)\Hid\ 



/«i<i/(i 



A 



2a 



+ |A|)^ 



< C 



1 



\i\< 



1 (l + |A|)2(i-") 



^i;(e,A)|^de^^A<C||^/;||y,. 



□ 



The inhomogeneous Duhamel term defines "boundary values" . 

. We have that 



Lemma 5.5. Let h EYf, and 9 & C( 

e{t) [ S{t-t')h{x,t')dt' 
Jo 



{x=0} 



H, 



V3<^ll^lk- 



Proof. We decompose the object under consideration into Mi, 'U2,i and M2.2- As before, 
Ui and ^2,2 rely on the estimate for a term of the form 9{t)S{t)(j) which we established 
in Lemma 4.1 (see (4.7) and Remark 4.2). It remains to estimate 



1 - ^(A - a 
x-e 



dXd^^9{t)P{t). 



By Proposition 2.8, 

\m\Hysr.\\9f3\\^ys^\\Dy'i9f3)\\L^- 
By the Leibniz rule from [19], 

\\Dy\9p) - 9dI'\P) - Dl'\9)P\y < C||^||^oo||i^,^/^(/?)||^.. 



Also, \\(5\y < C\\Dy\p)\\L'2 and 1 1 A'^'(^) I < C, so it suffices to show that 



,1/3 



\D 



1/3 



L2 < C\\w\ 



We have 



i-^(A-a 
A-e 



d^dX, 
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so 



2/3 



MCA) 



dX. 



The ^-integral is controlled by 



A-e 



- / (i+iA-ei)^ i + iA-e'^^-^^^ 



< 



/a 



IMe,A)P 



1/2 



+ |A-eir^v (i+iA-ei)'( 

We apply (5.18), cancel |Ap/^ and bound by as desired. 



1/2 



□ 



§6 Existence and uniqueness results for the ho- 
mogeneous and inhomogeneous hnear quarter- 
plane problems, with data in Sobolev spaces 

We begin by discussing some spaces of functions of space-time which will be used in 
our study of the nonlinear problems. Next, we construct and prove estimates on the 
solutions of the hnear homogeneous analogue of (1.2). The corresponding construc- 
tion and estimation of solutions of the linear inhomogeneous problem concludes the 
section. 

Our construction of solutions of (1.1) relies on a contraction mapping argument for 
solving the forced initial value problem (1.2). This procedure requires us to interpret 
the traces along {t — 0} and {x — 0} of the solution of (1.2) in order to vahdate 
the boundary conditions in (7.1). The time-localized solutions w of (1.2) that we 
construct will have good x h[^^^^/^ traces in the sense that, for some T > 0, 

(Good Traces) w e C{{-T,T); H'{R^)) n C{{-oo,oo); H^'+^^/%Rt)) ■ 

The contraction estimate is established in a space closely related to the linearization 
of (1.2). For the general case k > 2 (with optimizations presented in the modified 
KdV k — 2 and critical k — A settings), we employ the mixed-norm spaces used 
in [19]. These spaces are based on the local smoothing effect 

\\dxSm\\^^L.<CM\Li 
and the maximal function estimate 

\\sm\LtLr<c\\D'^'<P\\Li. 



43 



Recall from the introduction that the local smoothing effect is closely related to the 
good traces property (Good Traces), above. In the standard KdV setting A; = 1, we 
establish the contraction estimate in the space X5 defined in §5. 

In this section, we use the results in the previous sections to construct solutions 
of the homogeneous and inhomogeneous linear analogues of (1.2). We also prove a 
uniqueness result. 



Homogeneous solution operator 

We consider the linear homogeneous initial-boundary value problem 

{dtw + dlw = 0, ,T > 0, t e (0, To) 
w{x, 0) = (t){x), ,T > 
w(o,t) = /(t), [o,ro], 

where e i/^(R+), / e i/(^+^/3(M+), < s < 1, w G C([0, +00); //(^+i)/3^o, Tq))) n 
C([0,ro];//"(R+)). The equation holds in the sense of V'{R+ x (0,^0)) and the 
initial value is taken in the sense of C([0, +00); i^""(M+)), while the 'lateral value' / 
is taken in the sense of C([0, +00); /J*^'*+^)/^((0, Tq))) . We will split our considerations 
into the cases 1/2 < s < 1 and < s < 1/2. 

Theorem 6.1. Let 1/2 < s < 1. Given Tq > 0, there exists a linear operator HS = 
HS71, (the homogeneous solution operator) on the subspace of H'^'^'^^^^^(W^) x i/*(R+) 
of functions with the property that /(O) = 0(0) (in the sense of Proposition 2.3) such 
that 

w = HS(/, (j)) e C((-oo, +00); ii-^^+^^/^^Mt)) n C{{-oo, +00); H'{^^)) 

and w solves (6.1) in the sense described above. Moreover, w{x,—) and w{—,t) are 
continuous for each x and t and w{x,0) — (f){x) and w{Q,t) — f{t) in the sense of 
Proposition 2.3 for x > and < i < Tq. In addition, w satisfies the following 
estimates: 



(6.2) 



supe-^N||L>;'^L>f i^^ll^.^. < C\\{fA)\\His+^y^.Hs 

7GK 



\\Dld:,w\\L^L2 < C||(/,0)||j^{.+l)/3x//=, S < 1 

(6.3) supe-^l^l||Dr^/^i^>||L|Lr < C\\{fA)\\Hi^+^y^.Hs 

(6.4) ll^>IU|L|o < C||(/,0)||^(.+i)/3,^. 

(6-5) IlkllU,,, < C\\{f,(t))\\His+i)/z^Hs. 

(Recall that the space X^^^ was defined in Remark 5.1.) The constants in all the 
estimates above depend only on s and Tq. 
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Proof. We start out with the construction of w. Let ^i, ^2 and ^3 be cut-off func- 
tions, all supported on [~2Tq,2Tq] and identically 1 on [—Tq,Tq], satisfying ^i.\l/2 = 
and \1/2.^E'3 = ^2- Let denote an extension of to all of M satisfying ||0||//s(]r) < 
C| 101 |ii'»(iR+) (see Remark 2.1, for instance, for the existence of a linear extension 
operator). Let = S(t)0|^^Q and a = ^i.a. By (4.6), a G H^'+^^'^iRt) and 
(5(0) = 0(0) = 0(0). Let / be an extension of / to all of M satisfying 1 1/| |_h-(o+i)/3(]r) < 
C||/||j:^(a+i)/3(]R+) and let fi = ^i-f — a. Then, by Propositions 2.4 and 2.6, we have 
that 

||/l||i/(=+l)/3(R) < C\\{f,(f))\\H(s+l)/3^H'>, 

and, given our compatibility condition, we also have 

(6.6) ||/l||jj(^+l)/3(^+) < C'||(/,0)||^(.+l)/3x//,. 

Let now Ca be the constant in Proposition 4.1, and 1^ the Riemann-Liouville frac- 
tional integral studied in §3. We define 

(6.7) M^)- ^^r|^^3^ i-2/3(/i)(t), teM+ 

By Propositions 3.1 and 3.2, we have that 

(6-8) \\h\\jj(s-l)/3^^+^ < C||/l||^(.+l)/3(^+^ < C||(/,0)||if(.+l)/3xif- 

Finally, let h = ^^.h. By Propositions 2.5, 2.6 and 2.8, we have (setting h{t) = for 
t < 0) 

(6.9) ll^lljj(-l)/3(K+) ^ ll^llif(-l)/3(ffi+) - ll^llif(-l)/3(K) < C'll(/,0)lli/(^+l)/3xi/- 

We claim that 

(6.10) •tAdh) = 

In fact, we know that l2/3{h) = (g^r(2/3) fro^i the remarks after Definition 3.1 and 
density considerations. Hence \E'2-l2/3(^) = c^f(2/gjf'^' verify the claim, all 

that we need to show is that ^2l2/3(^) = ^2l2/3(^)- This is true, by the definition 
of I2/3 and the properties of ^'2 and ^^3, for h e (^^(M"*"), and hence in our case by 
density considerations. 
We now define 

(6.11) w{x,t)^^2{t)\^j^ S{t-t'){6o){x)h{t')dt' + S{t)^{x)y 

In view of (6.9) and Lemmas 4.1 and 4.3, we see that (6.2)-(6.4) hold. (6.5) holds be- 
cause of Lemma 5.2 and Remark 5.1. The fact that w G C((-oo, +00); if(*+^)/^(Mt)) n 
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C((— oo, +00); i?*(Ra;)) follows also from (6.9) and Lemmas 4.1 and 4.3. The same is 
true about the continuity statements. The fact that w{x, 0) = (f){x) for a; > follows 
from (4.3.2) and Proposition 2.4, while the fact that w{0,t) = f(t) for < t < Tq 
follows from Lemma 4.2, density, (6.10), our definition of /i and the fact that = 1 
on [0, To]. Finally, the fact that the equations in (6.1) hold follows from (4.3.1) and 
density. □ 

Theorem 6.2. Let < s < 1/2. Given Tq > 0, there exists a linear operator 
HS = HSto on //(^+i)/3(R+) X H'{R+) such that 

w = HS(/, <P) e C((-cx), +00); H^'+'^/\Rt)) n C((-cx), +ooy,H\R,)), 

and w solves (6.1) in the sense described above. Moreover, w satisfies the estimates 
(6.2), (6.4) and (6.5) (and (6.3) if s > I /A). 

Proof. The construction and proof are identical to that of Theorem 6.1, once one 
invokes Lemma 2.3 and Proposition 2.6, so that H^{R'^) = i/°(M+) for < a < 1/2. 
This explains the fact that there is no compatibility condition in this range. □ 

Remark 6.1. Global (in time) versions of the results in Theorem 6.2 can be obtained 
by using the homogeneous Sobolev spaces ij(*+-^)/^(M"'") and ifQ*'''^'*'^^(R"'"), the fact 
that, for < s < 1/2, ij(^+i)/3(R+) = ij^"+^)/^(R+) and the fact that the oper- 
ators Iq, act well on these homogeneous global spaces. For instance, when s = 0, 
given (/,0) e H'^/^iRi) x L\R+), we can find w in C{{-oo, +00); H^/^{Rt)) n 
C((-oo, +00); L2(Ma,)) such that w{x,0) = (p{x) and w(0,t) = fit) for x,t > 
dtw + d^w = in P'(R+ x R+) and w satisfies the estimate: 

(6.12) supe-^'^'||L';'^L'^w||iooi2 + \\d^w\\L^L2 + ||w| 1^5^10 < C\\{f,(p)\\Hi/3^L2. 
7 

This follows as in the proof of Theorem 6.2, leaving out the cut-off functions. Similar 
results hold on ij(^+i)/3(R+) x H'{Rt) for < s < 1/2. 

We will now turn to our uniqueness theorem, which will imply that the solutions 
constructed in Theorems 6.1 and 6.2 and Remark 6.1 are unique (when restricted to 
R+x [0,To]). 

Theorem 6.3. Let w be a solution to (6.1), with s = and 4> and f identically 0. 
Then w = onR+ x [0,To]. 

Proof. We begin by regularizing our solutions, so that certain identities can be estab- 
lished. First, let 

\{x,t) {x,t) e R+ X [0,To] 
(x, t) ^ R+ X [0, To] 



w{x, t) — 



and fix ^ e C^{R) satisfying ^ > 0, / ^ = 1 and supp^ C [-1, -1/2]. For s,d > 0, 
define 

(6.13) w,,s{^,t)^ |y^(y,0^(^)-^(^)ciydt'. 
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We start out by making a few observations about We,s- Fix < T < Tq, and consider 

only S < Tq — T. Suppose that (x,t) e R"*" x (0,T). Then, the integration in the 
definition of Ws^s takes place on {y : ^ + x < y < x + e} x {t' : | + t < t' < 
t + S}, and hence, for such {x,t), w{y,t') = w{y,t'). Thus, since We,s G C°°(M x R), 
dtWs,s + dlwe,s = on R+ X (0, T). Notice also that We,s e C([0, oo); H^/^{{0, T))) n 
C([0, T]; L2(M+)), uniformly in {e, 6). We will now estabhsh the identity 

(6.14) dt / wlg{x, t)dx = 2a^'u;£,5(xo, t)-We,5{xo, t) - {d^w^^sixo, t))^ 

•J x>xo 

for a;o > and < t < T. In fact, for e, 6 fixed, dtw^^s, 9^10^,5 G L^(R+) for each such 
fixed t, and hence the left-hand side of (6.14) equals 

2 / dtw^^six, t)-Ws,s(x, t)dx = -2 / dlw^^s{x, t)-Ws,s{x, t)dx. 

J X>XQ J X>Xq 

Note that, since d^Wg^s, d^We^s, dxW^^s, w^^s G L^(R+), we can certainly find a;„ +oo 
so that dlwe,sixn,t) — > for all j = 0, 1,2,3. Then we see that the right-hand side 
above equals 



2df^w^^s{xo,t)-w^^s{xo,t) + 2 / dlw^^s{x,t)-d^w^^s{x,t)dx 

J X>Xo 

^ 2dlWe,5{xQ,t)-We,5{xQ,t) - {d^W^^s{xo,t)Y , 

as claimed. Fix < to <T, and integrate (6.14) between and to to obtain 
(6.15) / wlg{x,to)dx- / wlg{x,0)dx 

J X>Xq J X>Xo 

/■to /-to ^ 

= 2/ dlwe,s{xo,t)-We,s{xo,t)dt- {d^We,s{xo,t)) dt 
Jo Jo 

<2 dlWe,siXo,t)-We,5iXo,t)dt. 

Jo 

Fix now < 5 < To - T, and define wsix, t) = J w{x, t')^{i^)dt'. 
Claim 6.16. w^^s,dxWs,s,dlw^^s G C{\0,1]; L'^{[0,T])), uniformly in £ > 0, for 5 > 
fixed. In fact, since w e C([0,2];i/V3((o,ro))), this easily follows for w^^g, and for 
dtW^^s- By the equation, this also follows for d^w^ g. Next, it is easy to check that 
dlw^g e L~([0, 1];L2([0,T])), uniformly in e. In fact, let / G L^{[0,T]) satisfy 

||/||l2 — 1, and consider F(x) = W£^s{x,t)f{t)dt. Then, as is well-known, 

F(xo + h)+ F(xo -h)- 2F(xo) = F"(x)h^ 

for some x G {xq — h,xo + h), for each /i > 0. Choose xq — 1/2 and h — 1/4 to 
conclude that 
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/ dlWe,5{x,t)f{t)dt 

Jo 
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since Wg^s £ C{jO, 1]; -L^([0, T])) - but, if we consider any fixed x e [0, 1], 

/ dlwe,s{x, t)f{t)dt = / [dlwe,s{x, t) - dlwe,s{x, t)] f{t)dt 
Jo Jo 

+ f dlw,,s{x,t)f{t)dt, 
Jo 

and, using the fact that d^w^^s ^ C ([0, 1]; i^^([0, T])) , our claim follows. Once we know 
this, our estimate on d^w^^s shows that d^Ws^s £ ^"([0, 1]; L^([0, T])), uniformly in e, 
and in fact they are equicontinuous in e. The statement for d^w^^s follows similarly. 

Claim 6.17. For any fixed < Xq < 1, w^^sixo, — ) -^-^ ws{xq, — ) in L^([0, T]). Note 
that this is immediate from the definitions and the fact that wg e C(jO, 1]; L^([0, T])) 
since w is in C([0, 1]; ^^([0, Tq])) . 
Claim 6.18. For any fixed < < 1 and < to ^ 

/ wlg{x,to)dx I Wg{x,to)dx. 

J X>XQ J X>XQ 

This follows easily from the fact that wg e C([0, T]; L2(M+)). Now, using (6.15)- 
(6.17), we see that, for xq G [0, 1], 

(6.19) / Wg{x,to)dx- w1{x,0)dx <Cs\\ws{xo,-)\\l2([o,t])- 

J X>XO J X>XQ 

Next, note that, as xq 0, ||w5(a;o, -)||l2([o,t]) ^ \\w5{S>,-)\\l^{[o,t\) since wg e 
C([0, 1];L2([0,T])), which follows from w G C([0, 1]; L2([0, T])). By our assumption 
and the definition of ws, however, ^^(0, — ) = on [0, T\. Thus, it is easy to see that 

(6.19) yields 

(6.20) / wl{x,to)dx< I w]{x,Q)dx. 

Jx>0 Jx>0 

Since, however, w e C {[0,T]; L'^{R+)) , as 5 ^ we obtain 

/ w'^{x,to)dx < / w'^{x,Q)dx = 0, 

Jx>0 Jx>0 

and hence w = on x [0, T] as desired. 

□ 

Inhomogeneous linear solution operator 

Next, we turn our attention to constructing solutions to the inhomogeneous linear 
quarter-plane problem 

{dtw + dlw^h, x>0,te (0, To) 
w{x,0)^0, x>0 
w{0,t)^0, te[0,To]. 
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Theorem 6.4. Assume that < s < 1, s 1/2 and h E L'^^H'{R+). Given To, 
there exists a linear operator IHS — IHStq (the inhomogeneous solution operator) such 
that 

w = IHS(/i) e C((-oo,+oo);i/(^+^)/^(Rt)) nC((-oo,+oo);i/^(M^)), 

and w solves (6.21) in the sense that the equation holds in V (W^ x (0,To)), and 
the 'lateral values' are taken in the sense o/ C((— cxd, +cxd); if(*+^)/^((0, Tq))) and the 
initial ones in the sense o/ C([0, Tq]; iJ*(M|^)) . (If s > 1/2, this also holds in the 
pointwise sense.) In addition, for Tq < 1, w satisfies the following estimates: 



(6.4.1) We have 



sup\\w{-,t)\\Hs(R.)<CTS^'^ 



t 



(6.4.2) We have 



(6.4.3) We have 

sup -)||^(«+i)/3(R+) < CT^^"\\h\\L2^^H^ 

(6.4.4) The quantities on the left-hand sides of (6.2), (6.3) and (6.4), in case 
s > 1/4, are controlled by CTQ^'^^\\h\\]^2 noiRt)' 

where (3{s) = | ~ |- 
Proof. Let 

wi{x,t)= / S{t-t')h{x,t')dt', 
Jo 

where h e L^((— 00, +00); if*(Ra;)) and h satisfies 



h{x, t) 



h{x,t), {x,t) G R+ X [0,ro] 
0, t>Toort<0 



and I |L2_ff''(R) < C| 1^1 (Moreover, by Remark 2.1, we can take h — 

E{h), where is a linear extension operator in the x variable.) We know that 
dtWi + d^wi ^hin T>'{R x R). We next consider the estimates (6.4.1)-(6.4.4) for wi. 
Minkowski's integral inequality and the corresponding estimates for the group ((4.2), 
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(4.3), (4.8)) show that (in the case of (6.4.1), for instance), with = 1 on [-To, To] 
and supp* C [-2To,2To], 



2To 

dt' 



(6.22) ^it) S{t-t')h{x,t')dt' < \\Sit-t')h{x,t')\\Hs 

Jo H-iR^) J_2To 

< \\h{-m^.^^i^dt' < cTi/'\\h\\^.^^„. 



and, since f3{s) < 1/2, '$(t)wi{x,t) satisfies the estimates (6.4.1) and (6.4.4). Fi- 
nally, translation invariance and (4.48) give (6.4.2) and (6.4.3) for 'if{t)wi{x,t), as 
well as the correct continuity and trace statements (see Remark 4.3). Next, let 
f{t) = *(i)«;i(0, t),T^ max{2ro, 1} and W2 = HSr(/, 0), where HSt is the operator 
constructed in Theorems 6.1 and 6.2. (Note that (4.48) shows that / E H^'^^^^^{R+), 
and hence, for s > 1/2, the compatibility condition in Theorem 6.1 is satisfied.) Fi- 
nally, let w{x,t) = 'if{t)wi{x,t) —W2{x,t). Estimate (4.48), together with Theorems 
6.1 and 6.2 and the above estimates for wi, now gives the desired result. □ 

Theorem 6.5. Let w = IHSTo(/i). Then, ij h E Ll'^Lf'^, then 

w e C((-oo,+oo);L2(K^)) nC((-oo,+oo);//^/^(Rt)), 

1^ e L^Ll, w e L^L]^ (all with norm control) and w solves (6.21) in the sense of 
Theorem 6.4, with s — 0. 

Proof. Clearly, it suffices to establish the estimates. Let wi{x, t) = jl S{t-t')h{x,t')dt' . 
Then, by (4.47), 

IklllLSLlO < C||/i| 1^5/4^10/9. 



To show that ^ G ^^^t , we first note that 

^HD^w ^ dJ S{t-t')n{h){x,t')dt', 
(JX Jo 

with TC the Hilbert transform on functions in the x- variable. Since H is bounded on 
lI^'^L]^^^ (see [23]), it suffices to show that DxW E L'^Lf. Using (4.16) and duality 
reduces matters to checking that each one of the terms in (4.16) maps L^Lf into L^Lj^. 
This, in turn, follows by complex interpolation between the second inequality for s = 1 
in (4.3.1) and the first inequality in (4.3.5), together with translation invariance (to 
pass from So <S> h to 5xo <8) h) and Minkowski's integral inequality. (The proof also 
follows from Proposition 2.3 in [21].) The fact that wi E C((-oo, +00); ii"^/^(Rt)) 
follows from a familiar density argument, together with the inequality 

(6.23) ||tyi||roofrl/3 < C'||/t|| 5/4 10/9. 

Once again, (6.23) follows from (4.16), duality and the first inequality in (4.3.1), 
together with translation invariance and Minkowski's integral equality. The fact that 
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wi e C((— oo, +00); L^(Ra;)) follows by duality from (4.8) with s = 0, in the same 

manner as (4.43) is established in (3.7) of [19]. The fact that H^/^{Rt) = HQ^^{Rt) 
(see Proposition 2.6) and the Hardy-Littlewood-Sobolev inequahty 

(6.24) ||/||l6(m)<C||D,^/V||l^(r), 

together with the Leibniz rule (Theorem A. 12 in [19]), now allow us to establish the 
desired bounds for \E'.wi. Finally, since / = ^Wi(0, — ) G HQ^^(M.f), the corresponding 
bounds for W2 follow from Theorem 6.2. □ 

Remark 6.2. A global (in time) version of Theorem 6.5 can be established by using 
the homogeneous Sobolev space if^/'^, together with Remark 6.1 and the proof above, 
and omitting the cut-off function. We obtain a solution w defined on x M"*" which 
hes in 



c((-oo, +00); l2(m^)) n c{{-oo, +00); i?^/3(Mt)) n lIl 



and satisfies g e L^L^. 

The final result of this section is a Bourgain space analogue of Theorem 6.4. We 
show that the inhomogeneous solution operator IHS sends the inhomgeneity w eY^ 
into Xb functions with well-defined traces along {x — 0} and = 0} as H]'^ and 
functions. 

Theorem 6.6. Suppose that h — ^|]r+x[oto]' ^^^^ ^ •^'^'^ some < s < 1, s 7^ |. 
Then w = mSTo(h) belongs to C((-oo, 00); //(^+^)/^(Rt)) f] C {(-00,00); H'{R^)), 
and w solves (6.21) in the sense of Theorem 6.4- Moreover, w satisfies the following 
estimates: 

(6.25) sup|m-,t)||j^.(M.) < CtMWs,, 

t 

(6.26) sup ||w(a;, -)||//(«+i)/3(k,) < CtoIMy,^, 

X 

(6.27) sup ||w(x, -)||^^(^+i)/3(K^) < CtoIMy,^^ 



and 

(6.28) \H\x,,, < Cto\\"^\\y,^,- 

Proof. Lemma 5.4 implies (6.28). Lemma 5.5 and the results of §2 imply (6.25)- 
(6.27). □ 

Remark 6.3. Theorem 6.3 imphes the uniqueness of the restriction to x [0,71)] of 
the solutions constructed in Theorems 6.4-6.6. 
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Remark 6.4- The methods in the previous section also apply, with minor modifica- 
tions, to the homogeneous and inhomogeneous problems with a transport term cd^u, 
c ^ 0. For example, for the homogeneous problem, 

'dtw + d^w + c9^w = 0, X > 0, t e (0, To) 
w{x, 0) = (t>{x), X > 

one still introduces the forced initial value problem 

' dtW + di^w + cd^w = 5Q{x)g{t), x e R, i e (0, Tq) 
w{x, 0) = ^{x), 

where the forcing function g is selected to ensure that 'w{Q,t) — f{t), t G (0, Tq). To 
see that this can be done (for Tq small), let 

and consider the integral equation 



/' 

Jo 



S{t - t')So{x)g{t')dt' = m - S{t)<f>{x)l_^ = fit). 

{x=0} '^-^ 



'0 

Using the notation of §2, §3 and §4, the left-hand side becomes 

2* ^t_\>y/s Mit - tr/^g{t')dt' = A^{g){t). 

Note that A{0) ^ 0, and A is differentiable at 0, since / e'^'^d^ = J e"^t^d.ri. Thus, 

it is easy to see that Ac{g)-A{Q) jl maps H^\R'^) into hI^\R+) and L'^{R+) 

into H^{{0,To]), with norm small in Tq. This, combined with the results in §2, §3 

and 54, gives the invertibility of Ac{g) from Hjf'^^^^ {{0,To]) onto H^^^^^^^ {{0,To]) for 
small Tq. The oscillatory integral estimates in §4 (for small time) for the multipliers 
e**^^ and e'**^^^"*""^^ are identical, while the estimates in §5, in the Bourgain spaces 

+ (// ii+w^'mxmdxY"}, 



i«i<i 

are also identical. Thus, the results in Theorems 6.1, 6.2, 6.4, 6.5 and 6.6 extend to 
this setting. The uniqueness result Theorem 6.3 does hold too (with similar proof). 
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§7 Well-posedness results for the nonlinear prob- 
lems 



In this section we will deal with well-posedness results for the nonlinear quarter- plane 
problem 

{dtu + dlu + u''d^u, X > 0,t e[0,T],k eN 
uiO,t)^fit), te[0,T]. 

Using the solutions to the corresponding linear problems and their estimates, as 
presented in §6, our results will follow from the methods in [5] and [19], yielding 
identical results. To avoid a lengthy discussion, we have decided to detail only certain 
"highlight" results. The techniques presented in §6 and the ones in this section do, 
however, yield in full the results in [5] and [19]. 

Well-posedness of generalized KdV in mixed-norm spaces 

We start out by discussing the case k >2, first presenting a relatively straightforward 
result which gives the local well-posedness for e / e i7(*+^)/^(M+), 1/2 < 

s < 1 and A; > 2. 

Theorem 7.1. Ifk > 2 and 1/2 < s <1, then, given (/, 0) G H^'+^')/^{R+)xH'{R+) 
satisfying the compatibility condition /(O) = 0(0), there exists 

T ^T{\\{f, 0)||ii-(.+i)/3(]K+)xff»(M+)) 

such that the 'integral equation' 

(7.2) w = HSi(/, 0) + mS2T('^.w\d,w), 

where "if = 1 on [— T, T] and supp^' C [— 2T, 2T], has a unique fixed point in the 
space 

B^{we C{{-oo, +oo); H'{R)) n C{{-oo, +oo); H^'+^^/\R)) : A{w) < oo}, 
where A{w) — maxi<j<6 Xi{w) for 

Ai(w) = sup ||w(a;, -)||h(.+i)/3(]r), 

X 

X2{w) = sup ||«;(-,t)||ijs(K), 
t 

Xs{w) = sup e-'^l^l I iD^-^Df^w;! 1^00^2 + WD^^OMIl^l^, 

7 
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( where the second term is added only when s <1), 

7 
7 

and 

A6H = supe-^l^l||r'>|U4ioc. 

7 

The resulting w solves (7.1) in 1R+ x [0, T]. 

Proof. We will show that, for T small, the mapping 

M(^,^)H = HSi(/, 0) + IHS2T(*.w^a,w) 

is a contraction on Ba — {w E B : A{w) < a} for suitable a. First note that Theorems 
6.1 and 6.2 show that HSi(/, (f)) e B and 

A(HSi(/,0)) <C||(/,0)||^(.+i)/3,H.. 

Now Theorem 6.4 reduces matters to the 'non-linear estimate' 

(7.3) W^.wKdMlLl^Hsm < CK{wf'-\ 

which we proceed to establish. The left-hand side of (7.3) is controlled by 

\\^.w\dM\Ll,Ll + \\^ .Dl{w' .d^W^.^^. =1 + 11. 
For /, we use the bound 1 1 11) r 00 

< Cllwll^s^, which follows from Sobolev embed- 
ding and the fact that s > 1/2, to estimate 

I < CX2{w)^-^\\^.w\dM\q^Li < CX2{w)''-^X6{wyX4w) < CK{wf+\ 

In order to bound //, we use the Leibniz rule. Theorem A. 8 of [19], and the chain 
rule. Theorem A. 6 of [19], to find that 

II < \\Dl{w\d,w)\y^Li < \\Dl{w\d,w) - wKDld^w - Dl{w^)dM\LiL^, 

+ \\w^Dld^w\\L2L^^ +\\Dl{w^)dM\L2Ll Ih + Ih + Ih. 

We have 

Ih < CX2{wf-''\\w\DldM\Liq < CX2{wf-''X^{wfX^{w). 
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For lis, we use Holder's inequality to see that 

Ih < \ \dxW\\j4(,+l)/sj2(s+l)\\D^{w^)\\ 4(s+l)/(s+2) 2(s+l)/s 

<C\\dxW\\jM.s+l)/s^2{s+l)\\Dl{w)\\^4J.s+l)^2(s+l)/s\\w ~ WbtLf 

C\2{w)'^ '^\Q{w)\\dxW\\^4J,s+l)/sj^2(s+l) \\D'l.w\\j^4(s+l)^2(s+l)/s. 

We have used Theorem A. 6 of [19] to justify the inequality marked with a *. Note, 
however, that 

\\dxw\\j4(.+i)/sj2(s+i) < CA3(w)^A6(w)^"^, 
where 9 — l/{s + l), and 

mi^)\\^4is+^^2,.+rys < CXsiwfKiwy-'', 

X t 

where 9' — + 1), by a well-known variant of the three-lines theorem (see, for 
instance, Lemma 4.2 in Chapter V of [26]). (In the case of the first inequality, we 
also need to pass from D^w to dxW, which involves the boundedness of the Hilbert 
transform in mixed- norm spaces.) The end result of all this is that II3 < CA(w)*^+^. 
Finally, Theorem A. 8 of [19] shows that 

III < C\\D^{w'^)\\ j^4(s+l)/(,s+2) j^2(s+l)/s\\dxW\\ j^4{s+l)/s ^2(s+l) , 

and, proceeding as in the proof of the bound for 7/3, we arrive at (7.3). □ 

We now give, for each k > 2, a precise result, following [19]. We will carry out 
the details only in the cases k — 2 and k — A. 

The case k — 2, modified KdV 

Theorem 7.2. For k ^ 2 and 1/A < s < 1/2, given (/, (p) e H^'+^y^{R+) x H'{R+), 
there exists 

T ^T{\\{f, 0)||i7(.+i)/3(]R+)xi?^(M+)) 

such that the 'integral equation' (7.2) (for k — 2) has a unique fixed point in the space 
B defined in Theorem 7.1. The resulting w solves (7.1) in R"*" x [0,7]. 

The proof is identical to that of Theorem 7.1. The only place where s > 1/2 
played a role there was in the bound 1 1 < C\2{wY ^, which, when k — 2, 

is not needed. Note that, even in the half-plane case, it is known that one cannot 
take s < 1/4 ([22]). In our proof, this is reflected in the exponent s — 1/4 in (4.8). 

Remark 7.1. One can construct solutions in Theorems 7.1 and 7.2 for arbitrarily large 
T by making 1 1 (/, 0) | |i^{s+i)/3x//s small. We need only replace, for T > 1, HSi by HS2r- 
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The case k — A 

We have chosen to do in detail the case k — A because its proof is sHghtly simpler, 
since it does not involve fractional derivatives. (See [19] and [21] for proofs in the 
half-plane case.) 

Definition 7.1. We define HSoo and IHSoo to be the operators arising in Remarks 
6.1 and 6.2, respectively. 

Theorem 7.3. For k = A, given (/, 0) G H'^'^{W^) x L2(M+) such that 

ll(/»IU3xL^<<^ 

(with 5 > an absolute constant), the integral equation 
(7.4) w = HSoo (/, (t>) + IHSoo {w^d^w) 

has a unique fixed point in the space 

B^{we C{{-oo, +oo); H^/^{R)) n ^((-oo, +oo); L\R)) : A(w) < oo}, 
where A{w) ~ maxi<i<4 \i{w) for 

Ai(w) =SUp||w(x, -)||^i/3(K), 

X 

X^{w) =sup||w(-,i)||i2(]K), 
t 

and 

The resulting w solves (7.1) (for k — A) in R"*" x (0, oo). 

Proof. Note that (6.12) shows that A(HSoo(/, 0)) < C5. Moreover, note that, if 
w E B, then Holder's inequality shows that w'^dxW G L'J^L^^^^ . Thus, Remark 6.2 
shows that K{\BS,oo{w^dxw)) < CA{wf, and so, ii Ba = {w e B : A{w) < a} and 
w & Ba, we have that 

A(HSoo(/, 0) + mS^iw^d^w)) <CS + Ca^ <CS+^a 

whenever Ca"^ < 1/2. If we now choose 6 so that CS < |a, our mapping sends Ba 
into Ba. Similar reasoning gives that it is a contraction, and this establishes the 
theorem. □ 
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Theorem 7.4. For k ^ A, given (/» e //V^(R+) x L2(R+), there exists T = 
T{f,(f)) < 1 such that the 'integral equation' (7.5) below has a unique fixed point in 
the space Bt defined below. The resulting w solves (7.1) in M"*" x (0, T). Here, 

(7.5) w{x, t) = HSi(/, t) + m^i{^.w^d^w){x, t), 

where ^(t) = 1 for \t\ < T and supp^ C {t : \t\ < 2T}, and 

BT^{we C{[-2T, 2T];L^{R)) n C((-oo, +oo); H^>^{{-2T, 2T))) : Kt{w) < oo}, 
where h.T{w) = maxj<4 Ai('u;) for 

Xi(w) = sup||w - *.HSi(/, 0)||j/i/3((_2T,2r)), 

X 

A2H = sup||w-^'.HSi(/,0)||l2, 

and 



A4H = I 1^11^6^10. 

Proof. The extra ingredients in this proof are the following estimates: Given (/o, 0o) G 
//V3(K+) X L2(M+), for any e > there exists T = T(/o, 0o) and 5 = 6{fo, 0o) such 
that, if ||(/» - (/o,0o)||ifi/3xL2 < then 

(7.6) ||a,HSi(/,0)||^oo^2 <£ 



and 



(7.7) ||HSi(/»|U5iip<£. 

To estabhsh (7.6), note that, by (6.2), it suffices to show it for (/o, 0o), with e replaced 
by e/2. Next, note that the corresponding result for S{t)^o is (5.11) in [19]. We thus 
have to show that, if /i G ijy^(M^) and supp/?. C [0.1]. then the corresponding 
estimate holds for S{t - t'){So){x)h{t')dt'. Pick now hj G C^((0, 1)) satisfying 
hj — > /i in H^/^. Because of (4.3.1) and Propositions 2.7 and 2.8, it suffices to 
establish the result for 

wo{x,t) = / S{t -t'){5o){x)hjo{t')dt\ 
Jo 

with Jq fixed large. Since, however, hj^ G C^((0, 1)), 

^{x,t) = 1^ S{t-t')i5o)ix)^{t')dt', 
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and so ll^l^o 



< Cjo, by (4.3.1). Then, since wo{-,0) = 0, 



dwo 



dx 



x,t) 



r r' d d 



dt < Cj.T'^, 



and our result follows. Next note that (7.7) follows from a similar but simpler argu- 
ment. 

Note that (7.6) and (7.7) imply that At(^. HSi(/, 0)) < e, where e is any fixed 
positive number, for T sufficiently small. Also, note that 

AT{lii8i('^.w%w)) < C\\^. w%w\\ ^5/4^10/9 + Ce, 



,5/4,10/9 



by virtue of Theorem 6.5, and that Holder's inequality shows that ||^'.'u;"^c)a;'u;| 
< A^(w). Thus 

At(*. HSi(/, (f)) + mSii^.w^d^w)) <Ce + CA^(w), 

so that, for a satisfying Ca*^ < 1/2 and Cs < a/2, we have that our mapping sends 
BT,a = {w : At{w) < a} into itself, and a similar argument yields the contraction 
property. This establishes Theorem 7.4. □ 

Remark 7.2. In a manner similar to the one used to prove Corollary 2.11 in [19], 
working now with the integral equation 



(7.8) 



one can show that, for A; = 4 and < s < 1/2, (7.1) is well-posed in x in 

an interval [0,7], with 

T^T{\\{f, 0)||ff(.+i)/3xi/^)- 

Moreover, if ||(/, (P)\\h(''+^)/3xh= is small and < s < 1/2, one can construct solutions 
for all T. 

Remark 7.3. Following the proof of Theorem 2.6 in [19] and the ideas used in the 
proof of Theorem 7.2, one can show local well-posedness for (7.1) (for A; = 3) in 
ff(«+i)/3 X H^, with 1/12 < s < 1/2. Moreover, following the proofs of Theorems 7.3 
and 7.4, Remark 7.2 and Theorems 2.15 and 2.17 and Corollary 2.18 in [19], we can 
extend Theorems 7.3 and 7.4 and Remark 7.2 to the case of /c > 4, where the role of 
is played by if** and the role of H^^^ is played by i7(^'=+i)/3 (where Sfc = | — |)- 



Local well-posedness of KdV using Bourgain's spaces 

We next turn our attention to the bilinear case, k — 1. Here we will obtain re- 
sults analogous to Bourgain's in [5]. We start out with the main bilinear estimate. 
Appendix 2 in [5]. 
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Lemma 7.1. For v,w & Xh, we have, for suitable & < | and a > ^, the bilinear 
estimate 

(7.9) mvw)\\y, < C\\v\\xJ\w\\x,. 

Proof. We recall three fundamental estimates. If Fp{^, A) = (i^^^^Igl^p , then, for p > | 
and < e < |, we have ([18]) 



(7.10) ||D^F,|U4^4<C||/|U: 

If p > |, we have 

(7.11) \\Dl/%\\LiL? < C\\f\ 



t2 . 



The estimate (7.11) is an interpolant between the local smoothing estimate and a 
trivial estimate; see [5]. 

If Hp{^, A) = (/l^^jp with p > |, then Sobolev's inequality implies 

(7.12) \\H,\\LiL^<C\\f\\L2 



To prove (7.9), we estimate the three pieces of the Yf, norm appearing in (5.2). 
Before turning to the analysis of the first piece, we introduce notation related to the Xij 
norm, allowing us to reexpress (7.9) with norms on the right side. Let x = i] 
and define /3(e, A) = {1 + \X- eif + x{mr- Introduce ^i(e. A) = /3(e, A)ii(e, A) and 
g2{C, A) = f3{C, X)v{C, A). Note that gi^Ll^^ue Xb. 

By duality, the first term in (5.2)is appropriately controlled if we show 

A=Ai+A2 

Symmetry allows us to assume that |^2| > Without loss of generality, we may 
assume d,gi,g2 > 0. 

Case A. |^| < 1. 
In this region, (7.13) is bounded by 

^i(6,Ai) ^2(6,^2) 



n\x% (i+iAi-e?i)Mi+iA2-ai)^' 

Let D(^,X) — d(^,X) and Gj(^,A) = (i^[{^g3|)fe . Fourier transform properties 
permit us to rewrite the above expression as / D.G1.G2, which we bound using 
Holder by 1 U^J IGi] jCal ^4^. We apply (7.10) with ^ = to the L^^ 
norms; this requires assuming | < Note that this case also addresses the 
second term in (5.2) 
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Case B. |^| > 1. 
The convolution constraints ^ = + S A = Ai + A2 imply 

(7.14) M = max{|A - e\, |Ai - Ci'l, IA2 - ^11) > 1^1 161 161- 

Case Bl. |^i| > 1. (Recall that we have assumed |^2| > |Ci|-) 

In this case, |^| |^i| |^2| > il^P) the maximum appearing in (7.14) is 
powerful. We consider three subcases of this case. 

Case Bla. \\-C^\= M. 
We bound (7.13) by 



^1(6, Ai) i6r-''^2(6,A2) 



A=A,+A. (l+|A2-e||)^- 

This may be rewritten as J D.Gi.Dl^^'^G2, which we estimate as 
\\D\\L2\\Gi\\L'i\\Dl-^^G2\\Li. Then (7.10) proves (7.9) in this case, pro- 
vided 1 — 2b < I and | < that is, provided 6 > ^. We require 
henceforth that b > -Jt:. 

— 16 

Case Bib. \Xi-Cl\ = M. 
We bound (7.13) by 

\^\'-''d{^,X) . ^2(6, A2) 

Jn\x% (1 + 1^ - (1 + - ^ii)' ' 

and this may also be estimated using (7.9). 

Case Blc. IA2 - Cll = M. 
This case is similar. 

Case B2. |{i| < 1. 

We write \C\ = ler^^lCr^^ < C'l^^^^l^r^^ and bound (7.13) by 



C 



\^n^,x) ^i(ei,Ai)x(6)l6r/^^2(6,A2) 

i=c.+6 (1 + |A - e\f 1 + xiWii"" (1 + IA2 - e2\r 



This may be reexpressed as // dI^^D.H^.dI^^G2, where ^^(C, A) = (f^f|^- 

Applying Holder, we bound by G\\Dl^'^D\\L4L^J\Ha\\LiLf>\\Dl^'^G2\\L4^Lp 
which is controlled using (7.11) and (7.12), since a > | and 6 > |. 

All that remains is the third piece of the Yf, norm appearing in (5.2). Observe that 



/(e.A) fff /(e,A) 



i+iA-ei ; ^ J \J {i + \x-e\y{^ + \>^-e\y-' 



2 
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By Cauchy-Schwarz, this is bounded by 

Since 2(1 — 6) > 1, the second A- integral is bounded and we reduce matters to 
controUing the first term in (5.2). □ 

The next result estabhshes a local well-posedness result for the k — 1 case of (1.1) 
when the data (/, 0) e H^^^ x are sufficiently small. 

Theorem 7.5. There exists a 5o > such that, if (/, 0) e H^^^ x satisfies 

(7.15) ||(/,0)||^i/3,^. <5o, 
then the "integral equation" 

(7.16) w = HSi(/,0) +IHSi(a,(«;V2)) 
has a unique fixed point in the space 

(7.17) C{{-oo, oo); H'J n C((-oo, oo); Hi'^'^^^) n 

(for suitable b < j and a > \). The resulting w solves (7.1) in R"*" x (0, 1). 

Proof. Theorem 6.1 and Lemmas 5.2 and 5.3 show that HSi((;6, /) satisfies (7.17). 
Lemmas 5.4 and 7.1 allow us to prove the contraction estimate under the condition 
(7.15). □ 

Note that the above Theorem extends, with almost identical proof, to the case 
of data (/,0) in H^'+^^/^{M+) x H'{M+), Q < s < I, s < \ (with the compatibility 
condition /(O) = 0(0) when s > |), and ||(/, 0)||i^(.+i)/3(]R+)x//^(]R+) < ^s- We just 
need to use the Xg^ spaces in Remark 5.1, and show the corresponding estimates. 
Remark 7. 4- There are two possible approaches to eliminating the restriction on the 
size of {f,4>). The first one, as in [5], leads to considering functions on [—T.T] and 
seeing that, as T is small, a power of T is gained in the above estimates. The other 
approach is simply to scale things down: u solves 

dtu + d^u + udxU = 

if and only if Ux{x,t) = \'^u{\x, \^t) does. One can then choose a small A so that 
the datum [fx, (px) corresponding to ux has norm smaller than Ss- (The resulting A 
depends only on s and 1 1(/, 0)| |//(s+i)/3xi^s.) Once this is done, one uses the fact that 
Ux is defined for < i < 1, and hence that u is defined for < t < 1/A^, to obtain a 
solution to (7.1) in R+ x (0,7), with 

T^T{\\{f, 0)||if(»+i)/3x/fO- 
Remark 7.5. The results just explained easily extend to equations with drift terms 
cdx by simply noting that the estimate in Lemma 7.1 also holds in the spaces Xi, 
introduced in Remark 6.4. This is because the key estimate (7.14) remains unchanged 
if we replace and ^2 ^y + c^, + c^i and (^| + c^2, respectively, under the 

convolution constraint ^ = ■^i + '^2- 
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Global well-posedness for 1 < k < 4 

When / = 0, it is easy to see from Theorem 7.5 and Remark 7.4 (using the argument 
in the proof of (6.15) to obtain the a priori bound 



\u 



(-,t)||L2(R+) < \H-,0)\ 



for sufficiently smooth solutions u, and an approximation argument using the solutions 
constructed in Theorem 7.5) that, for each < T < oo, one can construct solutions 
as in Theorem 7.5 (for s = 0) for (7.1) (for k — 1) with e L^(M). In general, we 
have: 

Theorem 7.6. Given (p G L2(M+), / e H'^/^^{R+) and T > 0, the solutions con- 
structed in Remark 7.4 (for s — 0) can be extended to the interval (0,7). 

To obtain the theorem, it suffices to estabhsh the a priori estimate 

(7.18) sup ||m(-,^)||l2(m+) < CT(||(/,0)||^^7/l2(K+)xL2(M+))■ 
o<^<T 

To obtain this estimate, we use a device used in Proposition 5.4 of [1]. In fact, let v 
be the solution to the linear problem 

'dtV + dlv = Q inM+x(0,r) 

(7.19) { t;U=o = / 

y\t=Q = 00- 

where 0o is chosen so that 0o(O) = /(O) and | |0o| I_ff3/4(]R) < C| |/| |j:^7/i2, and v is 
constructed in Theorem 6.1 (for s = 3/4). We will presently show that v satisfies, in 
addition to the estimates in Theorem 6.1, the inequality 

(7-20) \\dxV\\L^^L^ < C'll(/,0o)||//7/12,,^3/4 

(here we see the reason for the exponent ^ = ^^V^^ ) • Let w — u — v, so that w 
satisfies 

( dtw + dlw + d^{wy2) + d^{wv) + d^{vy2) = 

(7.21) I w\,=o = 

(w\t=o = 0-00- 

It clearly suffices, in view of Theorem 6.1, to establish the analogue of (7.18) for w. 
Multiplying the equation in (7.21) hy 2w and integrating by parts in a manner similar 
to the proof of (6.15), and using the boundary conditions in (7.21), we obtain: 

(7.22) [ w^{x,t)dx+ [ d^w{0,t'fdt' 

Jx>0 Jo 

< {(j) — (pofdx — 2 / dx{wv)w — / vdxV.w. 

Jx>0 Jo Jx>0 Jo Jx>0 
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Since 2 J^^g dx{wv)w — J* J^^^ w^.d^v, it is easy to see that the right-hand side of 
(7.22) is bounded (in view of Theorem 6.1 and (7.20)) by 

^ sup I !«;(-, i) I 1^2(15+) + 110- 0o| 1^2 +Cr(| I (/,0o) I 1/^7/12x^3/4) 



0<t<T 



+ C'T(||(/,0o)||//Vi.xff3/4)(^*|k(-,OllK(M+)'^^')'^'' 



which (upon raising both sides of (7.22) to the power 4/3), combined with GronwaU's 
inequahty, gives the desired bound. To finish the proof, we sketch the argument 
leading to (7.20). In view of Theorem 6.1 and its proof, and Theorem 2.1 in [17], it 
suffices to show that, if /i e C^((0, 1)) and w{x,t) = J^S{t - t'){5o){x)h{t')dt' , then 
we have 

(7.23) \\dxw\\LfL^ < C\\h\\jj-i/i2. 

We estabhsh (7.23) by means of the well-known variant of the three-lines theorem in 
Lemma 4.2 of Chapter V of [26], from the estimates 

(7.24) WnDl^Dl-^'/'wW^.r.^ < Ce^\^\\m. 
and 

(7.25) WHDpwWr^.r^^ < Ce^l^l|]/i||^-vi2-i/3. 

(7.24) follows from Proposition 3.5(2) in [14]. 

To estabhsh (7.25), we need, in view of (4.16), to establish the estimate for 

and for 

Sit-t')i5o){x)git')dt' 

-oo 

with g e L"^. For the second estimate, it suffices to estabhsh it for 

/ + 00 
S{t-t'){6o){x)g{t')dt'. 
-oo 

This, in turn, using the argument in the proof of (4.31), reduces to the 'kernel esti- 
mate' 

(7.26) \Hx,{x,y,t,s)\< ^ 



t-s|l/2' 



where 



Hx,{x, y, t, s) = J DpnDl+'^^A{xo -x,t- t')D;'^ Dl+'/^A{y - xq, t' - s)dt'. 
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Note that a calculation like the one preceding (4.33) gives the formula 
H,,{x,y,t,s) = e-M«e^(*-)«^|er/^cie, 

and the estimate now follows from Lemma 2.7 in [17]. In order to estimate 
T-CDnDl^^^^^/^A{do ®g),we first estimate 



As in the proof of (4.38), we first calculate the integral over ^, and we are reduced to 
three terms, the first of which is 



Crj e^*-|r| V12+1/3 sgn(xrV=^)e-^^^'^'^(T)-|^ 



Ci(sgnx) / e**"e-'""'^%gn(r^/3)^(r '^'^ 



1/4- 

The desired estimate for this term follows from Theorem 2.5 in [17]. The remaining 
two terms can be handled in a similar manner, in the spirit of the above argument 
and the proof of (4.38). For the proof of the estimate for 'HD'^^ D]^^^^^^^ A{5q ®g),we 
again introduce a family of operators 

/ + 00 J 
-oo r I 

which we easily check satisfies 

(7.27) \\Tr,{g)\\LfL^<C\\g\\L^, 

as a consequence of (7.26). We then split our operator, as in the proof of (4.39), into 
the sum of three operators Lj, i — 1,2,3. The bounds for Li and L3 easily follow 
from (7.27). For L2, we use the argument in (4.39), together with (7.27), to reduce 
matters to estimating 



- but the integral in parentheses equals / sgn(xT^/^ — z)9{z)dz for some 9 e 5(M), 
and, if we now use Corollary 2.9 in [17] to estimate 



dr 
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in L^L"^, uniformly in z, and Minkowski's integral inequality, then the proof is fin- 
ished. 

For A: > 1, it is well-known (see [3]) that global well-posedness for (p in does 
not follow readily from Theorem 7.1 when / ^ 0. (When / = 0, the results are 
completely analogous to the ones obtained in [19] for the whole upper half-plane, 
namely, for /c = 2, 3 there is global well-posedness, and also for /c > 4, provided the 

norms of the initial data are small enough.) When / ^ 0, we can establish: 

Theorem 7.7. Given T > and (f) e i/^(M+), we have: 

i. If f E H^^^^'^(K'^) and ||/||l2(r+) is sufficiently small, the solution given in 
Theorem 7.1 (for k = 2 and s = 1) extends to the interval (O.T). 

a. If f E H^^^(M.'^) and ||/||l2(m+) is sufficiently small, the solution given in The- 
orem 7.1 (for k = 3 and s = 1) extends to the interval (0, T). 

Hi. If f E H^^/^^(R'^) and ||/||l2(r+) and \ are sufficiently small, the so- 

lution given in Theorem 7. 1 (for k > 4 and s — 1) extends to the interval 

(o,r). 

We will limit ourselves to a sketch of the proof of this result. We start from the 
following two identities, readily obtained by integration by parts for sufficiently nice 
solutions (here w = u — v, where v solves (7.19)): 

(7.28) [ u\x,t)dx+ [ d^u{0,t'fdt' + 2 [ dlu{Q,t')f{t')dt' 

Jx>0 Jo Jo 

- f f(t')'^'dt' = [ cj>\x)dx 

1^ + Jo Jx>0 

and 

(7.29) / {dM^,t)Ydx+ f\dlwMYdt'+ fQ^dt' 

Jx>0 Jo Jo ['^ + ^) 
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x)dx = I {dx(p)^{x)dx. 



{k -\- l){k -\- 2) 7j.>o Jx>o 

Prom (7.28) and (7.29), together with estimates on v, one obtains, under the condi- 
tions of Theorem 7.7, the a priori bound 

(7.30) sup ||«(-,t)||Hi(M+) <Ct(/,0), 

0<t<T 
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from which Theorem 7.7 easily follows. In fact, to obtain (7.30) in case (i), one notes 
that 

2 f [ dlv^ = -2 r dlv{0, t')^dt' -2/7 dlvAu.u', 

Jo Jx>0 <J Jo <J Jo Jx>0 

and that an extension of the argument used to prove (7.20) gives (with 0o chosen so 
that ||0o||_f/7/4 < C| I/I 1^:^11/12) the estimate 

II^^^IIl^l- < C'||(/,0o)IUii/i2x/fV4. 

Applying now simple manipulations to these facts and (7.28) and (7.29) yields the 
estimate 

(7.31) sup \\u{-,t)\\l2m+.+ sup \\d^u{-,t)\\l2m+^ + / {dlu{0,t))^dt 

0<t<T 0<t<T Jo 

<C + Csup / u\x,t)dx + c[ \dlu{0,t)\\f{t)\dt, 

0<t<T Jx>0 Jo 

where C = C(T, (/, 0)). Recall now the elementary estimate 

II II ^11 l|l/2 MO ||l/2 

{w{0) = 0) and use it, together with the estimates on v, to conclude that 

rT 

sup ||M(-,t)||i2(M+) + sup ||5a;M(-,t)||i2(M+) + / {dlu{0,t)Ydt 
0<t<T 0<t<T Jo 

<C + c(r\dlu{0,t)\'Y'\\f\\r.. + c(snp [ u'Y . 

VO ^ ^0<t<TJx>0 ' 

Let now hit) = (^dlu{0,t)Ydt and insert (7.28) into the right-hand side of it. We 
then obtain that 

hiT)<C + Ch{TY/'\\f\\L^ + Ch{Tnf\\h- 

Since h{0) = and h is continuous, if 11/11^2 is small enough, then we obtain an a 
priori bound for h{T). This in turn yields a bound for supo<t<T I |i*(~) ^)|li2(]R+), and 
from this our a priori bound follows. 

The cases dealt with in (ii) and (iii) are treated similarly. The key difference is 
that, when the non-linearity is of a higher power, the integration by parts after (7.30) 
is not useful, since then d^u appears and forces too high a power on u, and hence on 
dxU. This is avoided by using the fact that, when / e if^/^(R+), we have the estimate 
I |(9^f 1 1^4 ^00 < 00, which allows the previous argument to be carried out without this 
integration by parts. This is actually only of interest in case (ii), since, in case (iii), 
we are assuming that 1 10| |l2(k+) is small, which allows us to revert to the method used 
in (i). The details are omitted. 
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